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Abstract

Consider a net w ork of no des running ML programs that exc hange data. Ho w can data whic h has

an abstract t yp e on one no de b e accepted on another no de? A safe approac h is to treat abstract

t yp es as distinct whenev er they are de�ned on di�eren t no des. Ho w ev er this is to o restrictiv e in

practice, for example in the common case where an abstract t yp e enforces a seman tic in v arian t.

The main con tributions of this thesis are threefold: I de�ne a notion of hash of an abstract

t yp e, whereb y abstract t yp es that ha v e the same hash are deemed compatible; I giv e an op erational

seman tics for a mo dule system that preserv es t yp es, including abstract t yp es; I also prop ose a new,

more general mo dule system that is w ell-suited to distributed applications.

The hash of an abstract t yp e m ust re
ect its in tended seman tics, whic h is often not apparen t

from the program's co de. In practice, t w o mo dules ha v e the same hash if they ha v e the same co de.

Comp ound mo dules are compatible when they are built from compatible comp onen ts.

Existing op erational seman tics for ML mo dules lose information as they erase abstraction b ound-

aries. I use coloured brac k ets to trac k the visibilit y of abstract t yp es. I study t w o calculi equipp ed

with brac k ets, a simply-t yp ed lam b da-calculus and a ric h ML mo dule calculus.

I use singleton signatures to k eep trac k of not only t yp e but also co de sharing, so that mo dule

equiv alence is de�ned at arbitrary signatures. A simple e�ect system limits t yp e constrain t to a

statically c hec k able fragmen t, while p ermitting b oth applicativ e and generativ e functors. I discuss

static and dynamic forms of mo dule sealing.
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In tro duction

Ob jectiv e

The ob jectiv e of the presen t dissertaion is to extend an ML-lik e language to adapt it to distributed

systems. Sp eci�cally , w e are in terested in the requiremen ts that the distributed nature of the

en vironmen t imp oses on the t yp e system | w e will not concern ourselv es with other asp ects suc h

as concurren t execution and fault tolerance.

Consider t w o mac hines A and B , eac h executing a program. A t some p oin t in time, A and B

start exc hanging data. The cen tral question of this dissertation is, ho w can w e mak e sure that A

and B agree on the seman tics of the exc hanged data?

A net w ork link carries sequences of bits (usually arranged in b ytes). When A sends data to

B , the data is enco ded as a sequence of bits. This op eration is kno wn as marshaling (the w ords

pic kling and serialisation are synon yms). Up on reception of the bit sequence, B m ust p erform

the opp osite op eration (kno wn as unmarshaling, unpic kling or deserialisation). Man y languages

pro vide a standard represen tation of data as strings: s-expressions in Lisp, Marshal library in Ob-

jectiv e Caml [L

+

], Pickle library in Standard ML [PSL ], Serializable in terface in Ja v a [Sun ]. . .

Sev eral standards (ASN.1, XML) sp ecify language-indep enden t string enco dings of data for com-

m unication. While the exact set of supp orted data shap es v aries greatly , serialisation libraries and

data represen tation standards usually sp ecify at least ho w to enco des n um b ers ( n -bit in tegers, little-

or big-endian, decimal notation. . . ), strings (c haracter sets and enco dings: ASCI I, Unico de, . . . ),

sequences of suc h. . .

Marshaling data en tails transforming it to an unam biguous sequence of bits. Unmarshaling

consists of t w o parts: the bit sequence m ust b e transformed bac k in to a w ork able represen tation of

the data, and one m ust v erify that the resulting data has the exp ected t yp e or shap e. F or example,

if the program running on B exp ects a n um b er, and the program on mac hine A sends the string

"foo" , the error m ust b e detected. The usual approac h in ML-lik e languages is to detect suc h errors

as so on as p ossible, whic h is as so on as the program has b een written (during the t yp e-c hec king

phase of compilation). It seems natural in an ML-lik e language to express the unmarshal-time c hec k

as a t yp e constrain t; but ho w can this constrain t b e imp osed?

According to the ML approac h, the error m ust b e detected when compiling the program on A or

B . Th us the program on A w ould declare a comm unication c hannel of t yp e string (on whic h one

ma y send "foo" ), and the program on B w ould declare a c hannel of t yp e int (on whic h only n um b ers

ma y b e receiv ed). But this only dela ys the problem, since the fact that A and B disagree on the

t yp e of their shared comm unication c hannel cannot b e detected un til A and B start comm unicating.

This observ ation leads us to desire a run-time t yp e-c hec k, sp eci�cally a t yp e-c hec k when es-

tablishing a c ommunic ation channel b etwe en pr o gr ams that have not yet c ommunic ate d . (Once the

programs ha v e comm unicated, suc h a c hec k is no longer necessary , since the programs ma y no w

ha v e agreed on the t yp es of future comm unications. F or example JoCaml [MM01 ] has a static t yp e

system [FLMR97 ]; ho w ev er t w o indep enden tly started JoCaml programs that wish to comm unicate

7



INTR ODUCTION

m ust get a shared c hannel via a \name serv er", whic h is curren tly not w ell-t yp ed.)

Although ML is designed to b e statically t yp ed, and most compilers erase t yp es to sa v e memory

during execution, there are w a ys of c hec king whether a v alue has a certain t yp e at run-time. Ho w ev er

existing systems do not manage abstract t yp es correctly , allo wing only t yp es with a prede�ned

structure to b e shared b et w een separate programs.

One solution is to forbid v alues of abstract t yp es to b e marshaled. Another is to require the

author of the abstract t yp e to pro vide marshaling and unmarshaling functions. This ho w ev er

do es not solv e our problem: a serialisation format can usually b e deduced automatically from the

represen tation of the t yp e, but this do es not fully solv e the problem of c hec king whether the t yp e

of the sen t data is the t yp e that is exp ected at the p oin t of reception. Herein lies the gist of the

matter: when are t w o abstract t yp es the same?

There are t w o main in tuitions to the nature of an abstract t yp e. One p oin t of view states that an

abstract t yp e in hidden . It has an implementation , whic h is a \concrete" t yp e (the implemen tation

ma y mak e use of other abstract t yp es, but these can b e traced through in turn all the w a y to built-in

t yp es). Hence an abstract t yp e is a concrete t yp e | but w e do not kno w whic h. Another view is

that an abstract t yp e is a new , fr esh t yp e, distinct form an y other t yp e (in particular it is distinct

from an y concrete t yp e, and it is distinct from its implemen tation t yp e, in that one ma y not con v ert

freely b et w een the t w o).

When are t w o hidden t yp es the same? One prerequisite that comes to mind immediately is that

the implemen tation t yp es m ust b e the same. But this condition is neither necessary nor su�cien t.

One ma y wish to consider t w o hidden t yp es as the same when their implemen tations ha v e iden tical

b eha viour, ev en if their co de di�ers. Con v ersely , just b ecause the implemen tations matc h exactly

do es not mean that the t yp es can b e matc hed freely | for example a Euro t yp e and a Dollar t yp e

ma y ha v e the same implemen tation, y et should de�nitely not b e compatible. T yp e abstraction can

pla y m ultiple r^ oles, and usages ma y di�er in terms of ideal degree of compatibilit y .

When are t w o fresh t yp es the same? The simplest answ er is \when they w ere created in the

same op eration". This approac h has often b een re�ned b y prop osing language constructs that ma y

or ma y not create fresh t yp es. In ML, con trol of t yp e freshness is giv en to the mo dule language,

whic h w e shall therefore study .

General outline of the dissertation

Chapter I presen ts the basic concepts up on whic h the dissertaion is based. W e �rst study the

notion of abstraction, its uses and ho w to express it. In ML-lik e languages, abstraction arises via

the mo dule language, and w e highligh t some p oin ts of its ric h history . W e also study ho w to add

dynamic t yp e-c hec king to a statically t yp ed language.

Chapter I I dev elops a notion of imprint . The imprin t of a soft w are comp onen t iden ti�es the

abstraction that it pro vides. W e examine man y sample programs in order to decide ho w m uc h

compatibilit y is desired in v arious conditions, and w e discuss ho w to compute imprin ts so that t w o

comp onen ts ha v e the same imprin t if and only if they are supp osed to b e compatible.

Chapter I I I presen ts a simple �rst language equipp ed with imprin ts, the ha t language. This

language extends the simply-t yp ed lam b da-calculus with simple mo dules. W e k eep trac k of abstrac-

tion domains throughout program execution using c olour e d br ackets . The language also includes

dynamically t yp ed comm unication primitiv es that use imprin ts to test the equalit y of abstract t yp es.

Chapter IV describ es a new mo dule system for ML whic h is suitable for distributed programs,

the topha t language. This language includes cen tral concepts in mo dule calculi, suc h as functors

and sealing. Singleton t yp es with no signature restriction allo w for the expression of co de equalities

as w ell as t yp e equalities, generalising the usual notion of t yp e sharing. W e sho w ho w to express

8
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di�eren t kinds of sealing, dep ending on the exp ected lev el of generativit y . Lik e ha t , topha t uses

imprin ts to p erform run-time t yp e equalit y tests in v olving abstract t yp es, and coloured brac k ets to

preserv e abstraction barriers during program execution.

W e conclude with a surv ey of related w ork and future w ork p ersp ectiv es.

App endix A summarises the formal de�nition of the topha t language in tro duced in c hapter

IV. App endix B con tains a pro of of the soundness of topha t .

A note ab out co de snipp ets

W e usually presen t co de snipp ets in Ob jectiv e Caml syn tax. W e do not exp ect the reader to

kno w the �ne p oin ts of the language, and will in particular explain an y subtlet y concerning the

seman tics of mo dules. When features that Ob jectiv e Caml do es not ha v e are illustrated, w e use

Ob jectiv e Caml-lik e syn tax augmen ted as desired and describ e the in tended seman tics in the text.

Readers used to Standard ML ma y wish to consult a corresp ondance table b et w een the t w o dialects

[Ros].

9
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Chapter IV

Topha t : a mo dule calculus suited to

distributed en vironmen ts

IV.1 In tro duction

Ob jectiv es

The purp ose of this c hapter is to presen t a mo dule system that com bines the usual features found

in ML-lik e languages with a 
exible managemen t of abstract t yp es that, as in ha t , is suited to

distributed programs.

This mo dule system is describ ed as a t yp ed lam b da-calculus, for whic h w e pro vide t yping rules

and a t yp e-preserving small-step op erational seman tics. The system describ ed herein purp orts to

b e a theoretic mo del, not a full-blo wn programming language, although our design c hoices will b e

motiv ated b y practical concerns. As suc h, it lac ks some practical features that migh t b e though t of

as syn tactic sugar. W e will also for the most part dela y implemen tation considerations un til section

V.3.3 .

Existing mo dule systems already span a wide range of features and st yle With resp ect to ex-

pressivit y , our aim is to co v er the features that w e think are fundamen tal to our sp eci�c ob jectiv e of

coping w ell with abstract t yp es in a distributed en vironmen t. St yle-wise, w e ha v e tried to pro vide

a comp ositional approac h, where eac h asp ect of the language is em b o died in a separate language

construct that can b e easily understo o d on its o wn.

V o cabulary and notations

W e will endea v our to distinguish b et w een the w ords \expression", meaning a sp eci�c language

category (expressions t ypically ha v e t yp es, and can b e ev aluated), and \term", whic h denotes an

elemen t of an y syn tactic category (expression, t yp e, mo dule, en vironmen t, etc.). W e will usually

denote b y @ or i a term of unkno wn syn tactic category .

Let @ b e an y term, x a v ariable and E an expression. W e will write the substitution of E for x

in @ as f x  E g@ . Similarly , w e will write f X  M g@ for the substitution of mo dule expression M for

mo dule v ariable X in @ .

Outline

W e will presen t the topha t language incremen tally . Eac h of the follo wing �v e steps re�nes or

extends the previous language.

11
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B W e will start with a basic mo dule system, including only mo dule-building constructs that w ould

b e su�cien t for our purp ose in the absence of t yp es. This system is simple but lac ks expres-

sivit y as far as t yp es are concerned.

S W e will add singleton t yp es (whic h generalise singleton kinds) to the basic system, in order to

k eep trac k of equalities b et w een t yp es. The resulting system will adequately mo del mo dules

with no t yp e abstraction.

E W e will then add a sealing construct to the language in order to p ermit making t yp es abstract.

W e will see that sealing mak es the langage impure, and will equip our t yp e system with a

suitable e�ect system.

C The previous system can express t yp e abstraction at the source lev el, but abstraction is lost

when the program is ev aluated. W e will therefore pro vide a w a y of k eeping trac k of abstraction

b oundaries during program ev aluation, in the form of mo dule iden tities and coloured brac k ets.

D W e will �nally b e able to equip our language with dynamic t yping constructs that b eha v e rea-

sonably in a distributed setting.

System D constitutes the full topha t language

1

.

A t eac h stage, w e will motiv ate the features to b e in tro duced with examples, and w e will examine

ho w these features can b e used in programs. W e will discuss the c hoices w e made when designing

the theory presen ted here. W e will then state precise the seman tics of the language w e de�ne, in the

form of t yping rules (the static seman tics) and small-step reduction rules (the dynamic seman tics).

IV.2 A mo dule calculus B

The presen t section presen ts the core of a mo dule description language. This core, whic h w e call B ,

builds on t w o essen tial features: aggregates of v alues and t yp es, called structur es ; and parametric

mo dules, called functors .

IV.2.1 F undamen tal constructs

[Sorry , this fragmen t has not b een translated y et.]

IV.2.2 Ab out the base language

[Sorry , this fragmen t has not b een translated y et.]

IV.2.3 F ormal description of the core language

IV.2.3.1 Syn tax

W e can no w formally state the syn tax and seman tics of our core language. W e limit ourselv es to

the features men tioned so far, and dela y singletons un til section IV.3 .

Since w e ha v e decided to unify the mo dule and expression languages, ob jects formerly noted

E and ob jects formerly noted M no w b elong to the same w orld, and shall b e noted E and called

1

T otal Or Partial Hashe d A bstr act T yp es , in whic h the w ords \total" and \partial" refer to total and partial

functors, also kno wn as applicativ e and generativ e functors.

12



IV.2. A MODULE CALCULUS [ B ]

expressions . Similarly w e will write T rather than S and sp eak of t yp es . Nonetheless some

expressions will in tuitiv ely b e seen as mo dules, and their t yp es as signatures.

E ::= expression or mo dule

x

�

�

y

�

�

t

�

�

. . . v ariables

() unit v alue

false

�

�

true b o olean (generically bv )

0

�

�

1

�

�

. . . in teger (generically n )

h T i t yp e �eld

( E

1

, E

2

) pair

�

i

E pro jection ( i 2 f 1, 2 g )

�x : T . E lam b da-abstraction

E

1

E

2

application

let x = E

0

in E : T lo cal binding

T ::= t yp e or signature

unit unit

bool b o oleans

int in tegers

type abstract t yp e �eld

T yp E pro jection from a t yp e �eld

�x : T

1

. T

2

dep enden t sum

�x : T

0

. T

1

dep enden t pro duct

W e will use the follo wing abbreviations.

T

1

� T

2

:= �x : T

1

. T

2

pro duct t yp e

T

1

! T

2

:= �x : T

1

. T

2

arro w (function) t yp e

In the de�nitions of T

1

� T

2

and T

1

! T

2

, x is a fresh v ariable, i.e., a v ariable that is not free in T

2

.

IV.2.3.2 V ariables

W e use standard de�nitions of free v ariables , b ound o ccurrences , alpha-con v ersion and sub-

stitutions . A closed term is one with no free v ariable.

W e write fv @ for the set of free v ariables of @ . W e write f x  E g@ for the substitution of E for

x in @ .

W e will systematically w ork up to alpha-c onversion , i.e., an y term that w e write do wn will

formally denote its equiv alence class mo dulo alpha-con v ersion. An y t yping or reduction step ma y

rename v ariables. F or example, if a t yping or reduction rule requires more than one instan tiation

of a meta v ariable, eac h instan tiation ma y use di�eren t represen tativ e for b ound v ariables. This

follo ws the tradition of the Bar endr e gt variable c onvention , whic h allo ws for substan tially clearer

exp osition. W e will generally not men tion the omnipresen t p ossibilit y of alpha-con v ersion; syn tax

descriptions will men tion the binding structure in the text.

IV.2.3.3 En vironmen ts

An en vironmen t is a �nite list of (v ariable, t yp e) pairs. W e write nil for the empt y en vironmen t,

x : T for an en vironmen t of length 1, and use \," for concatenation, whic h w e treat as asso ciativ e.

F or example, an en vironmen t binding three v ariables will usually b e written as x : T , y : T

0

, z : T

00

;

other w a ys of writing the same en vironmen t are (( x : T , y : T

0

) , z : T

00

) and ( x : T , y : T

0

) , z : T

00

and

((( nil , x : T ) , y : T

0

) , z : T

00

) .

En vironmen ts are built from the follo wing grammar:

� ::= en vironnemen t

nil empt y

� , x : T binding of the v ariable x

Alternativ ely , en vironmen ts ma y b e seen as ob jects of the form x

1

: T

1

, . . . , x

k

: T

k

with k 2 N .

The domain of an en vironnemen t � = x

1

: T

1

, . . . , x

k

: T

k

is the set of v ariables f x

1

, . . . , x

k

g . It

is written dom � .

13
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An en vironmen t binds the v ariables of its domain, and they are as usual sub ject to alpha-

con v ersion. W riting ( � , �

0

) supp oses that � and �

0

ha v e disjoin t domains; alpha-con v ersion m ust b e

p erformed if necessary . In a concatenation ( � , �

0

) , the v ariables in the domain of � bind in �

0

.

Note that our en vironmen ts m ust b e ordered since w e ha v e dep enden t t yp es. Th us ( x : int , y :

T yp x ) is a w ell-formed en vironmen t, whereas ( y : T yp x , x : int ) is not (it could ha v e b een written

as ( y : T yp x , z : int ) after renaming the b ound v ariable to z , with the remaining o ccurrence of x

b eing free).

IV.2.4 T yping

IV.2.4.1 In tro duction

W e consider a correct program (fragmen t) to b e an expresion E asso ciated with a t yp e T suc h

that E has the t yp e T . When E con tains free v ariables, these m ust b e assigned a t yp e through an

en vironmen t.

W e will manipulate sev eral forms of t yping judgemen ts, whic h will alw a ys b e lo cal judgemen ts ,

of the form � ` J (in system B | later lo cal judgemen ts will b ear more annotations). System B

has three forms of righ t-hand side for a lo cal t yping judgemen t. .

J ::= t yping judgemen t

� ` J lo cal judgemen t

J ::= lo cal judgemen t righ t-hand side

ok en vironmen t correction

T ok correction of the T

E : T expression t yping

W e presen t t yping rule under the usual presen tation as a deduction rules.

IV.2.4.2 � ` ok En vironmen t corrections

En vironmen ts are built from left to righ t, binding b y binding. Eac h t yp e assigned to a v ariable

m ust b e v alid in the en vironmen t that precedes the binding under consideration. Note that v ariables

b ound b y an en vironmen t are automatically distinct as p er our alpha-con v ersion con v en tion.

( B /envok.nil)

nil ` ok

� ` T ok

( B /envok.x)

� , x : T ` ok

IV.2.4.3 � ` T ok T yp e correctness

The correctness rules for t yp es are standard: for base t yp es, w e require that the en vironmen t

b e w ell-formed, and for constructed t yp es, w e require eac h part to b e w ell-formed (treating dep en-

dencies prop erly).

� ` ok

( B /tok.base.unit )

� ` unit ok

� ` ok

( B /tok.base.b o ol)

� ` bool ok

� ` ok

( B /tok.base.int )

� ` int ok

� ` ok

( B /tok.t yp e)

� ` type ok

� ` T

0

ok � , x : T

0

` T

00

ok

( B /tok.pair)

� ` �x : T

0

. T

00

ok

� ` T

0

ok � , x : T

0

` T

00

ok

( B /tok.fun )

� ` �x : T

0

. T

00

ok
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IV.2.4.4 � ` E : T Expression t yping

Constan ts Basic constan ts ha v e their resp ectiv e t yp e in a correct en vironmen t.

� ` ok

( B /et.base.unit)

� ` () : unit

� ` ok

( B /et.base.b o ol )

� ` bv : bool

� ` ok

( B /et.base.int)

� ` n : int

V ariables V ariables ha v e the t yp e stated in the en vironmen t.

� ` ok when x : T 2 �

( B /et.x)

� ` x : T

P airs Although our syn tax allo ws dep enden t sums, system B is to o restricted to tak e adv an tage

of them (this defect will b e remedied in system S ). W e can only giv e pairs an ordinary pair t yp e.

� ` E

1

: T

1

� ` E

2

: T

2

( B /et.pair)

� ` ( E

1

, E

2

) : T

1

� T

2

� ` E : T

1

� T

2

( B /et.p roj.1 )

� ` �

1

E : T

1

� ` E : T

1

� T

2

( B /et.p roj.2)

� ` �

2

E : T

2

F unctions W e state classical rules for t yping functions (or functors) and application, k eeping in

mind that w e ha v e dep enden t t yp es. Note that in order to t yp e the application of a function that

has a dep enden t t yp e, the o ccurrences of the formal parameter x m ust b e replaced b y the actual

argumen t E

0

inside the result t yp e E . Th us an arbitrary expression can app ear in a t yp e where a

simple v ariable formally w as. This illustrates the di�cult y of restricting the presence of expressions

in t yp es to certain syn tactic categories.

� , x : T

0

` E : T

1

( B /et.fun)

� ` �x : T

0

. E : �x : T

0

. T

1

� ` E

1

: �x : T

0

. T � ` E

0

: T

0

( B /et.app)

� ` E

1

E

0

: f x  E

0

g T

Lo cal binding In order to t yp e the lo cal binding of a v ariable to a v alue, w e request that the

programmer sp ecify the resulting t yp e of the whole expression. F urthermore this t yp e is not allo w ed

to men tion the lo cally b ound v ariable. This last p oin t is easily understo o d from the fact that while

it w ould mak e sense for the v ariable x to b e b ound in the t yp e of the b o dy E , this v ariable cannot

b e free in ( let x = E

0

in E : T ) . In particular, if E

0

w ere to create abstract t yp es, there is no w a y to

reference them outside the binding. The necessit y for the programmer to sp ecify the t yp e is due to

the a v oidance problem men tioned in section I.2.2.6 , whic h mak es inference of T undecidable.

� ` E

0

: T

0

� , x : T

0

` E : T � ` T ok

( B /et.let)

� ` ( let x = E

0

in E : T ) : T

IV.2.4.5 h T i , T yp E T yp e �elds

W e can see h i as a constructor for the t yp e type and T yp as the corresp onding destructor.

This approac h yields suitable t yping rules.

� ` T ok

( B /et.t yp e)

� ` h T i : type

� ` E : type

( B /tok.�eld )

� ` T yp E ok

IV.2.5 Run-time

V alues The class of v alues (generically written V ) is giv en as a subgrammar of expressions.
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V ::= v alue

()

�

�

bv

�

�

n constan t

h T i t yp e �eld

( V

1

, V

2

) pair

�x : T . E lam b da-abstraction

IV.2.5.1 E � ! E

0

Expression reduction

W e de�ne the dynamic b eha viour of expressions via small-step reduction rules.

Head reduction rules In the language that w e ha v e de�ned so far, head reduction confron ts eac h

destructor with a matc hing constructor, and p erforms lo cal bindings. W e imp ose a c al l-by-value

strategy in the rules ( B /ered.app) and ( B /ered.let) . F or the time b eing, w e could allo w � -reduction in

its full generalit y , and obtain a con
uen t system; ho w ev er w e will ultimately in tro duce side e�ects,

whic h suggests stic king to call-b y-v alue.

( �x : T . E ) V � ! f x  V g E ( B /ered.app )

�

i

( V

1

, V

2

) � ! V

i

( B /ered.p roj )

let x = V in E : T � ! f x  V g E ( B /ered.let )

No reduction in t yp es W e do not de�ne an y reduction relation on t yp es. Accordingly there is

no restriction on T in order for h T i to b e a v alue; in particular, if h T i con tains em b edded expressions

(as in e.g., h T yp (( �x : type . x ) h int i ) i ) these need not b e v alues. The reason is that computations

in t yp es traditionally b elong in the compile-time w orld, hence to t yping rules (and where relev an t

t yping algorithms), rather than in the run-time w orld no w under scrutin y . W e will later (in system

D ) add a construct for run-time t yp e-c hec king, th us t yp e computations will need to o ccur during

program execution; run-time manipulation of t yp es is also useful for generic programming (see

section V.3.2.3 ).

Ev aluation con texts W e generically write C for an ev aluation con text of depth 1. These

ev aluation con texts are de�ned b y the follo wing grammar.

C ::= ev aluation con text (of depth 1 )

E

1

function argumen t

V

2

applied function

( , E

2

) �rst comp onen t of a pair

( V

1

, ) second comp onen t of a pair

�

i

pro jection ( i 2 f 1, 2 g )

let x = in E : T lo cal b ound

W e ha v e arbitrarily �xed the ev aluation order for function application (argumen t �rst, then

function) and pairing (left to righ t). This somewhat simpli�es the metatheory b y not in tro ducing

spurious lo cal nondeterminism. W e could relax these constrain ts b y authorising the reduction

con texts E

2

et ( E

1

, ) ; it is folklore that the resulting reduction relation w ould b e con
uen t.

The follo wing reduction rule allo ws expressions to b e reduced under con texts. The notation C � E

means the expression resulting from placing E inside the con text C .

E � ! E

0

( B /ered.context)

C � E � ! C � E

0
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IV.3. SINGLETONS [ S ]

IV.3 Singletons S

IV.3.1 Motiv ation

IV.3.1.1 Abstract t yp es, concrete t yp es

[Sorry , this fragmen t has not b een translated y et.]

IV.3.1.2 T yp e sharing

[Sorry , this fragmen t has not b een translated y et.]

IV.3.1.3 V alue singletons

So far, w e ha v e used singleton t yp es to express t yp e equalities: our singletons w ere of the form S ( h T i )

for some t yp e T . The purp ose of these singletons w as to enable making x ha v e the t yp e T

0

when x has

the t yp e T and h T i and T

0

are equiv alen t: in other w ords, the judgemen t t : S ( h T i ) , x : T ` x : T yp t

should b e deriv able (one could then substitute h T

0

i for t ).

Let us no w consider a functor f whic h creates an abstract t yp e from a t yp e and a v alue, with a

signature of the form �x : ( �t : type . T

0

) . ( �t : type . T

1

) . As w e sa w in sections I.2.1.3 and I I.5.1.1 ,

T yp �

1

( f x ) and T yp �

1

( f y ) are the same t yp es only when x and y ha v e the same b eha viour: it is

not enough for them to pro vide the same t yp es.

Let us consider an example p oten tial argumen t for f , with T

0

= T yp t � ( T yp t ! unit ) ).

module A = struct type t = int let x = (... : t * (t->unit)) end

The principal signature of the mo dule A in Ob jectiv e Caml is

module type S = sig type t = int val x : t * (t->unit) end

If w e w an t to express that some mo dule B is compatible with A , the b est w e can do (whether in

Ob jectiv e Caml or in some other ML dialect, or in the language de�ned so far) is to sp ecify that

B has the signature S . Unfortunately this sp eci�cation is incomplete since it do es not distinguish

b et w een mo dules that ha v e x �elds with the same t yp e but di�eren t v alues.

One w a y to illustrate this limitation is to consider an iden tit y functor Id1 capable of taking A

as an argumen t. The principal signature of suc h a functor (whic h is based on Lero y's manifest t yp e

theory with applicativ e functors [Ler95 ]) is the follo wing:

functor (A : sig type t val x : t * (t->unit) end) ->

sig type t = A.t val x : t * (t->unit) end

Notice that the signature of Id1(A) is the signature S de�ned ab o v e: while it do es indicate

that Id1(A).t is equal to A.t , nothing connects Id1(A).x with A.x b ey ond them ha ving the same

t yp e. The higher-order mo dule theory of Drey er, Crary and Harp er [DCH03 ] do es not p erform

an y b etter on this example. With our notations, the signature of the functor Id1 is �x : ( �t :

type . T yp t � ( T yp t ! unit )) . ( �t

0

: S ( �

1

x ) . T yp t

0

� ( T yp t

0

! unit )) .

In the case of an iden tit y functor E

Id0

acting solely on a t yp e, i.e., whose argumen t has the

signature type , w e get a more precise signature: �x : type . S ( x ) , clearly indicating that the result

of applying the iden tit y functor is equiv alen t to the argumen t | T yp E

Id0

( E

A0

) has the signature

S ( E

Id0

( E

A0

)) . W e shall extend our language so that this prop ert y also holds for v alue �elds.
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W e add singleton t yp es of the form S ( E ) , where E is an y v alue. F or example the principal

t yp e of the expression 3 is no w S ( 3 ) , the t yp e of v alues that are equal to 3. W e can no w giv e

Id1 a more precise signature, b y also giving the second comp onen t a singleton t yp e: �x : ( �t :

type . T yp t � ( T yp t ! unit )) . ( �t

0

: S ( t ) . S ( �

1

x ) � S ( �

2

x )) , i.e., in an Ob jectiv e Caml-lik e notation

functor (A : sig type t val x : t * (t->unit) end) ->

sig type t = A.t val x = A.x end

Thanks to this signature, Id1(A) can ha v e the signature sig type t = A.t val x = A.x end ,

whic h mak es it in terc hangeable with A .

IV.3.1.4 Higher-order singletons

[Sorry , this fragmen t has not b een translated y et.]

IV.3.1.5 A practical example

Let us illustrate higher-order singletons on an example from the author's programming exp erience.

The standard library of Ob jectiv e Caml pro vides an implemen tation of �nite sets via a functor

Set.Make . This functor tak es an argumen t with the follo wing signature:

module type Set.OrderedType = sig

type t

val compare : t -> t -> int

end

A mo dule of signature Set.OrderedType pro vides a t yp e as w ell as a function whic h m ust

implemen t a total order; a set is represen ted as a searc h tree. An example of a mo dule with this

signature is String : Set.Make(String).t is therefore a t yp e for sets of strings. The result returned

b y Set.Make has a signature called Set.S from whic h w e quote a relev an t excerpt:

module type Set.S = sig

type elt (* type of elements *)

type t (* type of sets *)

val add : elt -> t -> t (* addition function *)

...

end

An annotation in the de�nition of Set.Make sp eci�ed that Set.Make(M).elt = M.t .

The program under consideration manipulates sym b ols, whic h are in ternally implemen ted as

strings. Ho w ev er only suitable appro v ed strings ma y b e sym b ols, therefore the t yp e of sym b ols is

an abstract t yp e pro vided b y a mo dule whic h w e call Syntax .

module Syntax : sig

type symbol

val name : symbol -> String.t

...

end
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Since sev eral other mo dules in the program manipulate sets of sym b ols, w e wish to pro vide this

t yp e alongside symbol . Ho w do w e men tion the t yp e of sym b ol sets in the signature of Syntax ? W e

m ust sp ecify a mo dule of signature Set.S , indicating that the elemen t t yp e is that of sym b ols. F or

that purp ose w e need to de�ne a sym b ol mo dule.

module Syntax : sig

module Symbol : Set.OrderedType

module SymSet : Set.S with type elt = Symbol.t

and type t = Set.Make(Symbol).t

...

end

W e could also write as follo ws:

module Syntax : sig

module Symbol : Set.OrderedType

module SymSet : Set.S

...

end with module SymSet = Set.Make(Symbol)

The signatures ab o v e are equiv alen t in Ob jectiv e Caml.

The di�cult y arises when writing the implemen tation of the Syntax mo dule. W e ma y write

module Syntax = struct

module Symbol = struct type t = String.t let compare = String.compare end

module SymSet = Set.Make(Symbol)

...

end

or ev en

module Syntax = struct

module Symbol = String

module SymSet = Set.Make(Symbol)

...

end

Unfortunately the resulting SymSet mo dule is not compatible with Set.Make(String) . Since

Ob jectiv e Caml only ev er compares t yp e �elds of mo dules, its t yp e analysis remem b ers the equalit y

b et w een Symbol.t and String.t but not that b et w een Symbol and String , therefore the t yp es

Set.Make(String).t and Set.Make(Symbol).t cannot safely b e declared compatible.

Since our Syntax mo dule calls other, lo w er-lev el mo dules that manipulate sets of strings, the in-

compatibilit y of Set.Make(String).t with Set.Make(Symbol).t is a ma jor problem. The solution

w e c hose w as to only exp ose the sym b ol t yp e, and not its comparison function:

module Syntax = struct

type symbol = String.t

module SymSet = Set.Make(String)

...
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end : sig

type symbol

module SymSet : Set.S with type t = symbol

...

end

The disadv an tage of this signature is that is hides the c hoice of a set implemen tation: that fact

that SymSet is the result of an application of the Set.Make functor do es not app ear. This is a

problem b ecause some users of the Syntax mo dules manipulate data with more complex structures

(e.g., sets of sets of sym b ols) built from functors that tak e an argumen t pro duced b y Set.Make . W e

had to pro vide these data structures alongside SymSet in the Syntax mo dule, ev en though these

extra data structures had nothing to do in Syntax from a co de organisation p oin t of view.

In this case, simply b eing able to write module Symbol = String in the implemen tation of the

Syntax mo dule in suc h a w a y as to mak e the t yp es Set.Make(String).t and Set.Make(Symbole).t

in terc hangeable w ould ha v e p ermitted the co de to b e organised prop erly , in particular with resp ect

to abstraction. In system S , this is p ossible, since the Symbol mo dule will ha v e the signature S(x

called "String") whic h result in Set.Make(String) and Set.Make(Symbol) b eing compatible

within the implemen tation of the Syntax mo dule.

IV.3.2 Prop erties

[Sorry , this fragmen t has not b een translated y et.]

IV.3.3 T yping rules

W e state t yping rules for system S . The op erational seman tics (consisting of the reduction rules

( S /ered.app ) , ( S /ered.p roj ) , ( S /ered.let ) , ( S /ered.context) , as w ell as the de�nitions of v alues and reduction

con texts) is unc hanged from system B .

System S con tains new t yping judgemen ts for subt yping, con v ersion and con v ertibilit y .

J ::= lo cal judgemen t righ t-hand side

. . .

T � ! T

0

t yping con v ersion

T � T

0

con v ertibilit y equiv alence on t yp es

E � ! E

0

expression con v ersion

E � E

0

con v ertibilit y equiv alence on expressions

T

1

< : T

2

subt yping

Most t yping rules of B are included in S . The follo wing rules are tak en as is from B (and will

not b e rep eated here):

� en vironmen t correction: all rules | ( S /envok.nil ) , ( S /envok.x) ;

� t yp e correction: all rules | ( S /tok.base.unit ) , ( S /tok.base.b o ol) , ( S /tok.base.int ) , ( S /tok.t yp e ) ,

( S /tok.pair ) , ( S /tok.fun) , ( S /tok.�eld ) ;

� expression t yping: all rules except pro jections and lo cal binding | ( S /et.base.unit ) ,

( S /et.base.b o ol ) , ( S /et.base.int ) , ( S /et.x) , ( S /et.pair ) , ( S /et.fun ) , ( S /et.app ) , ( S /et.t yp e) .

W e omit lo cal binding in system S b ecause it is sup er
uous (see section IV.2.1.4 ), th us a v oiding the

need to tak e them in to accoun t in singleton t yping rules.
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IV.3.3.1 � ` T < : T

0

; ... Subt yping

The subt yping relation explains ho w an expression ma y ha v e more than one t yp e, some of whic h

are more precise than others. In tuitiv ely , the t yp e T is a subt yp e of T

0

whenev er an y expression that

has the t yp e T also has the t yp e T

0

. W e engra v e the forw ard implication with an implicit subtyping

rule.

� ` E : T � ` T < : T

0

( S /et.sub )

� ` E : T

0

Our subt yping relation is de�ned syn tactically (b y deduction rules) rather than seman tically , in that nothing

mandates the rev erse application: it is p ossible for � ` E : T

0

to b e deriv able whenev er � ` E : T is without the

judgemen t � ` T < : T

0

b eing deriv able. Whether a subt yping relation should b e seman tic (i.e., fully capture t yp e

subsumption for expressions) is debatable. On the one hand, a seman tic subt yping relation p ermits a set-theoretic

in terpretation of t yp es as sets of expressions. On the other hand, the rules needed to enforce seman ticit y w ould b e

fragile, in that they w ould not pla y w ell with extensions of the system. F or example, if V is a v alue of t yp e T , then with

seman tic subt yping T < : S ( V ) m ust hold whenev er T con tains the single v alue V , whic h ma y happ en coinciden tally .

Consider for instance the t yp e �t : type . T yp t ! T yp t , whic h ob viously con tains the p olymorphic iden tit y function

( �t : type . �x : T yp t . x ) ). In a suitably w eak system, suc h as system S , a parametricit y [W ad89 ] result ensures that

there is no other function of this t yp e. Ho w ev er adding either dynamic t yp e-c hec king (as w e will do in system D ) or

an unrestricted �xp oin t com binator w ould let one write other functions of this t yp e.

If t w o t yp es are in tercon v ertible, they are subt yp es of one another. Th us subt yping includes

computational equiv alences on t yp es.

� ` T � T

0

( S /tsub.eq )

� ` T < : T

0

Subt yping is a preorder. The rule ( S /tsub.eq ) enforces re
exivit y; w e state transitivit y .

� ` T < : T

0

� ` T

0

< : T

00

( S /tsub.trans )

� ` T < : T

00

IV.3.3.2 S ( E ) Singletons

Singleton t yp es app ear through three generic rules, whic h ha v e no constrain t on the t yp e of the

expression whose singleton is tak en. The singleton S ( E ) is w ell-formed as so on as E has some t yp e

T ; an y w ell-t yp ed expression E th us has the t yp e S ( E ) , and S ( E ) is a subt yp e of an y of its t yp es.

Note that in order to pro v e that E has the t yp e S ( E ) , one m ust �rst �nd some t yp e T that E has

and then apply ( S /et.sing) .

� ` E : T

( S /tok.sing )

� ` S ( E ) ok

� ` E : T

( S /et.sing )

� ` E : S ( E )

� ` E : T

( S /tsub.sing )

� ` S ( E ) < : T

The rule ( S /et.sing ) (com bined with the subt yping rules) is a particularly p o w erful instance of a

sel��cation rule in a mo dule language with manifest t yp es [HL94 , Ler94 ] (see section I.2.2.2 ).

IV.3.3.3 � ` E : T ; � ` T

1

< : T

2

Expression t yping

As in system B , w e �rst assign non-dep enden t t yp es to pairs. A dep enden t t yp e can b e obtained

via the subt yping rule ( S /tsub.cong.pair ) (recall that T

1

� T

2

is an abbreviation for �x : T

1

. T

2

). In this

rule, note that the second premise con tains the stronger h yp othesis on x , namely x : T

0

1

, whic h

follo ws from the fact that the h yp othesis x : T

0

2

migh t not b e enough to ensure that T

00

1

b e v alid. A

third premise ensures that �x : T

0

2

. T

00

2

is w ell-formed, whic h requires that T

00

2

b e w ell-formed under

the w eak er h yp othesis x : T

0

2

.
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� ` T

1

< : T

0

1

� , x : T

1

` T

2

< : T

0

2

� , x : T

0

1

` T

0

2

ok

( S /tsub.cong.pair )

� ` �x : T

1

. T

2

< : �x : T

0

1

. T

0

2

In order to t yp e a pro jection, the argumen t expression m ust b e giv en a (dep enden t) pair t yp e.

T yping the �rst pro jection is simple, as its t yp e is readily a v ailable in the pair t yp e. T yping the

second pro jection is more complicated. If the expression E has the t yp e �x : T

1

. T

2

then �

2

E only

has the t yp e T

2

with a suitably strong h yp othesis on the v ariable x . F or instance the expression

( 3, 3 ) has the t yp e �x : int . S ( x ) , and while x : S ( 3 ) ` �

2

( 3, 3 ) : S ( x ) holds, x : int ` �

2

( 3, 3 ) : S ( x )

do es not.

� ` E : �x : T

1

. T

2

( S /et.p roj.1 )

� ` �

1

E : T

1

� ` E : �x : T

1

. T

2

� ` E

1

: S ( �

1

E )

( S /et.p roj.2 )

� ` �

2

E : f x  E

1

g T

2

The premises of the rule ( S /et.p roj.2 ) are usually unduely constraining, and w e will often use one

of t w o admissible v arian ts that only require the �rst premise � ` E : �x : T

1

. T

2

. The most common

rule replaces the v ariable x b y the �rst pro jection of E in T

2

. Another v arian t k eeps trac k of the

�rst comp onen t via a v ariable x whic h is constrained to the t yp e S ( �

1

E ) .

� ` E : �x : T

1

. T

2

(et.p roj.2s)

� ` �

2

E : f x  

c

�

1

E g T

2

� ` E : �x : T

1

. T

2

(et.p roj.2x)

� , x : S ( �

1

E ) ` �

2

E : T

2

W e state the usual congruence rule for subt yping through dep enden t pro ducts. This rule is

similar to ( S /tsub.cong.pair ) , with h yp otheses suitably rev ersed when dealing with the con tra v arian t

argumen t t yp e.

� ` T

0

0

< : T

0

� , x : T

0

0

` T

1

< : T

0

1

� , x : T

0

` T

1

ok

( S /tsub.cong.fun )

� ` �x : T

0

. T

1

< : �x : T

0

0

. T

0

1

IV.3.3.4 � ` T � T

0

; � ` E � E

0

Con v ertibilit y equiv alences

W e de�ne an equiv alence relation on t yp es and one on expressions as the smallest equiv alence

relation con taining the appropriate con v ersion relation. (Strictly sp eaking these are t w o families of

relations, indexed b y en vironmen ts.) These relations are called con v ertibilit y .

� ` T ok

( S /teq.re
 )

� ` T � T

� ` T

2

� T

1

( S /teq.sym )

� ` T

1

� T

2

� ` T

1

� T

2

� ` T

2

� T

3

( S /teq.trans )

� ` T

1

� T

3

� ` T

1

� ! T

2

( S /teq.conv )

� ` T

1

� T

2

� ` E : T

( S /eeq.re
 )

� ` E � E

� ` E

2

� E

1

( S /eeq.sym )

� ` E

1

� E

2

� ` E

1

� E

2

� ` E

2

� E

3

( S /eeq.trans )

� ` E

1

� E

3

� ` E

1

� ! E

2

( S /eeq.conv )

� ` E

1

� E

2

IV.3.3.5 � ` T � ! T

0

T yp e con v ersion

T yp e con v ersion mostly consists in con v ersion of em b edded expressions. T yp es additionally

undergo some sligh t simpli�cation.

Con v ersion is only de�ned on v alid t yp es; the rules de�ning con v ersion con tain correction

premises in addition to the con v ersion premises in con text rules.

Con texts A t the t yp e lev el, con v ersion applies recursiv ely to all subt yp es. W e state this via

con text rules whic h allo w con v ersion of b oth t yp e and expression subterms of t yp es.
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� ` T

1

� ! T

0

1

� , x : T

1

` T

2

ok

( S /tconv.cong.pair.1 )

� ` �x : T

1

. T

2

� ! �x : T

0

1

. T

2

� , x : T

1

` T

2

� ! T

0

2

� ` T

1

ok

( S /tconv.cong.pair.2 )

� ` �x : T

1

. T

2

� ! �x : T

1

. T

0

2

� ` T

0

� ! T

0

0

� , x : T

0

` T

1

ok

( S /tconv.cong.fun.a rg )

� ` �x : T

0

. T

1

� ! �x : T

0

0

. T

1

� ` T

0

ok � , x : T

0

` T

1

� ! T

0

1

( S /tconv.cong.fun.ret )

� ` �x : T

0

. T

1

� ! �x : T

0

. T

0

1

� ` E � ! E

0

( S /tconv.cong.sing )

� ` S ( E ) � ! S ( E

0

)

� ` E � ! E

0

� ` E : type

( S /tconv.cong.�eld )

� ` T yp E � ! T yp E

0

Simpli�cations The term T yp h T i can b e seen as a destructor applied to the matc hing constructor

applied to T ; it is equiv alen t to T .

� ` T ok

( S /tconv.�eld )

� ` T yp h T i � ! T

Seman tic rules W e declare that the unit t yp e con tains a single v alue: this t yp e is isomorphic

to a singleton, and the rule ( S /tconv.unit ) enshrines this equiv alence in to the syn tactic de�nition of

t yp e equiv alence. The c hoice of orien tation in this rule do es not matter greatly .

� ` ok

( S /tconv.unit )

� ` S (()) � ! unit

IV.3.3.6 � ` E � ! E

0

Expression con v ersion

If E ev aluates to E

0

and E has the t yp e S ( E ) , then t yp e preserv ation requires that E

0

ha v e

the t yp e S ( E ) . This is ensured b y making E con v ertible to E

0

. Con v ersion th us includes run-time

reduction

2

.

Con v ersion is only de�ned on w ell-t yp ed expressions; the rules de�ning con v ersion con tain cor-

rection premises in addition to the con v ersion premises in con text rules.

W e do not state an y con v ersion rule for lo cal binding expressions (i.e., expressions of the form

let x = E

0

in E : T ). As indicated in section IV.2.1.4 , this construct is just syn tactic sugar when E

0

is pure; in E , where lo cal binding b ecomes useful, it is alw a ys judged impure and th us not sub ject

to con v ersion.

Con texts Unlik e for the run-time reduction relation, there is no particular adv an tage to k eeping

con v ersion deterministic, while con
uence of con v ersion is a k ey prop ert y of our metatheoretic

study . W e therefore p ermit arbitrary ev aluation strategies, and allo w reduction in an y con text. In

preparation for the addition of impure constructs to the language, whic h only come in con v ersion

inside function b o dies that hide the impurit y , w e state the sligh tly p eculiar rule ( S /econv.cong.fun.b o dy )

to allo w the con v ersion of an y pure sub expression of an impure sub expression of a pure expression.

� ` T

0

� ! T

0

0

� , x : T

0

` E

1

: T

1

( S /econv.cong.fun.a rg )

� ` ( �x : T

0

. E

1

) � ! ( �x : T

0

0

. E

1

)

2

F or pure expressions, as w e shall see in system E .
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� , x : T

0

` E � ! E

0

� , x : T

0

, y : S ( E ) ` E

1

: T

1

( S /econv.cong.fun.b o dy)

� ` ( �x : T

0

. f y  E g E

1

) � ! ( �x : T

0

. f y  E

0

g E

1

)

� ` E � ! E

0

� ` E : �x : T

0

. T

1

� ` E

0

: T

0

( S /econv.cong.app.fun )

� ` E E

0

� ! E

0

E

0

� ` E � ! E

0

� ` E : T

0

� ` E

1

: �x : T

0

. T

1

( S /econv.cong.app.a rg )

� ` E

1

E � ! E

1

E

0

� ` E � ! E

0

� ` E

2

: T

2

( S /econv.cong.pair.1 )

� ` ( E , E

2

) � ! ( E

0

, E

2

)

� ` E � ! E

0

� ` E

1

: T

1

( S /econv.cong.pair.2 )

� ` ( E

1

, E ) � ! ( E

1

, E

0

)

� ` E � ! E

0

� ` E : �x : T

1

. T

2

( S /econv.cong.p roj )

� ` �

i

E � ! �

i

E

0

� ` T � ! T

0

( S /econv.cong.�eld )

� ` h T i � ! h T

0

i

Head reduction The follo wing rules describ e the usual ev aluation of lam b da terms with pairs.

� , x : T

0

` E

1

: T

1

� ` E

0

: T

0

( S /econv.app )

� ` ( �x : T

0

. E

1

) E

0

� ! f x  E

0

g E

1

� ` E

1

: T

1

� ` E

2

: T

2

( S /econv.p roj )

� ` �

i

( E

1

, E

2

) � ! E

i

IV.3.3.7 Extensionalit y

W e state extensionalit y rules for system S . Suc h rules can ha v e man y forms; w e c ho ose to use

con v ersion rules, orien ted as eta-expansions. F or example the rule ( S /econv.eta.pair) ma y b e read as

\an y expression that is t ypable as a pair can b e rewritten in suc h a w a y as to exp ose the pair

structure".

Giv en the c hoice of using con v ersion rules ( � con v ersions to supplemen t the � con v ersions ab o v e),

there is a further c hoice b et w een expansions and con tractions. A ma jor tec hnical adv an tage of

expansions is that they do not h urt the con
uence of the system, unlik e eta-con tractions [Klo80 ].

Expansions do ho w ev er ha v e the ob vious defect of breaking normalisation. In practice, it seems

preferable to express extensionalit y using expansions, and when normalisation is required to restrict

their use to a �nite domain (giv en b y the structure of the t yp e of the con v erted expression) [Gog05 ].

� ` E : type

( S /econv.eta.�eld)

� ` E � ! h T yp E i

� ` E : �x : T

0

. T

1

( S /econv.eta.fun )

� ` E � ! ( �x : T

0

. E x )

� ` E : �x : T

1

. T

2

( S /econv.eta.pair )

� ` E � ! ( �

1

E , �

2

E )

IV.4 Sealing E

IV.4.1 Sealing

[Sorry , this fragmen t has not b een translated y et.]

IV.4.2 An e�ect system

IV.4.2.1 In tro duction

[Sorry , this fragmen t has not b een translated y et.]
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IV.4.2.2 Purit y

[Sorry , this fragmen t has not b een translated y et.]

IV.4.2.3 Pro jectibilit y , separabilit y and comparabilit y

In the system w e are describing, a \w ell-b eha v ed" mo dule is a pure mo dule. Purit y is a v ery strong

notion: a pure mo dule is fully kno wn statically (it has its singleton t yp e, and singleton t yp es fully

c haracterise an ob ject). There are �ner notions to determine legitimate uses of a mo dule; in this

section w e will discuss some of these.

Classical mo dule calculi, notably Harp er and Lillibridge's translucen t sums [HL94 , Lil97 ] and

Lero y's manifest t yp es [Ler94 , Ler95] fo cus on the concept of pro jectibilit y (see section I.2.2.2 ).

The question is, giv en a mo dule expression M , whether the term M .t ma y b e used to form a t yp e.

If so, the mo dule M is said to b e pro jectible . In our notation, E is pro jectible if and only if T yp �

1

E

is a correct t yp e. W e appro ximate pro jectibilit y b y purit y: T yp �

1

E is correct if and only if E is

pure (and has an appropriate signature). This is indeed an appro ximation since purit y is a stronger

notion; for example, in the follo wing co de fragmen t, the mo dules A and B are b oth pro jectible, but

only A is pure, while B is impure.

module A = struct type t = int let x = 3 end

module B = struct type t = int let x = ref 3 end

A closely related notion is that of comparabilit y : a mo dule is said to b e comparable when

its equiv alence with another mo dule can b e tested. In the calculus of Drey er, Crary and Harp er

[DCH03 ], the notions de comparabilit y and pro jectabilit y coincide, since testing the equiv alence

of t w o mo dules amoun ts to comparing their t yp e comp onen ts. In our calculus, purit y stands for

comparabilit y as w ell as pro jectabilit y (w e treat t yp e and v alue comp onen ts iden tically).

In section I.3.1.1 , w e men tioned the issue of phase sep ar ation , i.e., clearly di�eren tiating b et w een

the static phase of the program, whic h includes a t yp e-c hec k that rejects programs that w ould go

wrong, and the dynamic phase, during whic h computation pro ceeds without errors. In the core

of ML, eac h phase is closely asso ciated with one part of the language: t yp e-c hec king is mostly

concerned with t yp es, and computation is mostly concerned with expressions. This is no longer true

when mo dules are considered, as they mix t yp es and expressions at the syn tactic lev el. Nev ertheless

one usually tries to separate t yp es and expressions in the metatheory of mo dules, in order to

distinguish b et w een the static and dynamic asp ects.

In his analysis of ML mo dules [Dre05 ], Drey er distinguishes b et w een t w o lev els of purit y in

mo dules. A mo dule is said to b e totally pure

3

if it is pure in our sense, i.e., that its ev aluation

do es not trigger an e�ect of an y kind. A mo dule is said to b e partially pure if its t yp e comp onen ts

can b e fully determined without triggering an e�ect. F or example the mo dule B ab o v e is partially

pure but not totally pure. A pro jectible mo dule m ust b e partially pure.

One di�cult y with partial purit y is in deciding whether the e�ects of an expression ha v e an

in
uence on its t yp e parts. T otal purit y is of course a su�cien t condition. A w eak er su�cien t

condition is separabilit y . This notion w as in tro duced b y Harp er, Mitc hell and Moggi [HMM90 ]

and is exp ounded in the con text of a mo dule calculus with functors b y Drey er [Dre05 ]. A mo dule is

separable if its t yp e comp onen ts do not dep end at all on an y computation that ma y ha v e e�ects,

in particular an y core-expression-lev el computation. A separable mo dule is alw a ys partially pure,

3

Actually Drey er uses the w ording \dynamically pure" and \statically pure" where w e use \totally pure" and

\partially pure". W e c hanged the terminology b ecause w e will use \dynamically pure" and \statically pure" in a

di�eren t sense, follo wing other w ork b y Drey er [DCH03 ].
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hence pro jectible, but ma y b e impure, lik e B ab o v e. Con v ersely , in a language with �rst-class

mo dules, one can easily write pure inseparable mo dules, suc h as the mo dule C in the follo wing

program fragmen t.

let n = read_int ()

module A = struct type t = int let x = 3 end

module B = struct type t = int let x = ref 3 end

module A' = struct type t = bool let x = true end

module B' = struct type t = bool let x = ref true end

module C = if n >= 0 then A else A'

module D = if n >= 0 then B else B'

The mo dule D is partially pure but neither totally pure nor separable.

An imp ortan t conclusion of the discussion of t yp e singletons and mo dule equiv alence in IV.3.1

w as that in the presence of functors, separabilit y is hard to analyse | and this is wh y w e did not

try to analyse it, and instead in tegrated expressions with t yp es when testing mo dule equiv alence.

Separabilit y lo oks all the less en ticing to us as w e ev en tually w an t to b e able to compare t yp es

dynamically , whic h means that our notion of equiv alence m ust w ork w ell ev en in inseparable cases.

In the presen t w ork, w e do no try to go further than (total) purit y . If re�nemen ts are desired, rather

than in tro duce separabilit y , w e suggest instead to mak e the e�ect system more sophisticated, and in

particular to mak e it p ossible to detect partial purit y b y \declassifying" e�ects that do not impact

the v alue of an expression.

IV.4.3 F ormal presen tation

W e giv e a formal description of system E , whic h consists of adding the sealing construct to S and,

more imp ortan tly , an e�ect system.

IV.4.3.1 Syn tax

W e �rst giv e the syn tax of e�ects.


 ::= e�ect

P pure

I impure

Recall that e�ects are ordered: the relation 


1

v 


2

is suc h that P v I (but not the con v erse).

W e write 


1

t 


2

for the least upp er b ound of 


1

and 


2

, and 


1

u 


2

for their greatest lo w er b ound.

The syn tax of system E extends that of system S b y adding an e�ect annotation where necessary ,

viz.,

� on function t yp es, henceforth written �x : T

0

.




T

1

; they are abbreviated as T

0

!




T

1

when x

is not free in T

1

;

� on expression t yping judgemen ts, henceforth written E :




T .

W e sometimes omit the e�ect annotation when it is P , th us w e migh t write the t yp e of a pure

function as �x : T

0

. T

1

or T

0

! T

1

. F urthermore the syn tax of expressions no w comprises sealing.

T ::= t yp e

. . .

�x : T

0

.




T

1

dep enden t pro duct (also written T

1

!




T

2

when x =2 fv T

1

)
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E ::= expression (mo dule)

. . .

E !! T sealing

J ::= t yping judgemen t righ t-hand side

. . .

E :




T expression t yping

IV.4.3.2 E � ! E

0

Run-time

The only run-time no v elt y of system E is the need to reduce a sealing construct. The usual

in tuition in ML-lik e languages is that t yp es ha v e no b earing on execution, only on static t yp e-

c hec king; in this ligh t, E !! T is equiv alen t to E at run-time.

V !! T � ! V ( E /ered.seal )

The sealed expression is �rst reduced to a v alue.

C ::= ev aluation con text (of depth 1 )

. . .

!! T sealing

The rules ( E /ered.app ) , ( E /ered.p roj ) , ( E /ered.let) et ( E /ered.context ) are inherited from system B via S .

IV.4.3.3 � ` . . . T yping: correction, equiv alences, subt yping

System E con tains all the t yping rules of system S , and adds one for sealing. Ho w ev er the

inherited rules m ust usually b e mo di�ed to add an e�ect annotation. W e will restate a�ected rules

and explain the e�ect of e�ects.

Inhreited rules The follo wing rules are tak en as is from system B via S :

� ( E /envok.nil ) , ( E /envok.x ) ;

� ( E /tok.base.unit ) , ( E /tok.base.b o ol ) , ( E /tok.base.int ) , ( E /tok.t yp e) , ( E /tok.pair) ;

� ( E /teq.re
 ) , ( E /teq.sym ) , ( E /teq.trans ) , ( E /teq.conv ) ;

� ( E /eeq.sym ) , ( E /eeq.trans) , ( E /eeq.conv ) ;

� ( E /tconv.cong.pair.1 ) , ( E /tconv.cong.pair.2 ) , ( E /econv.cong.�eld ) , ( E /tconv.cong.sing ) , ( E /tconv.�eld) ,

( E /tconv.unit ) ;

� ( E /tsub.trans) , ( E /tsub.eq) , ( E /tsub.cong.pair) .

Apart from expression t yping and from ( E /tsub.cong.fun ) , the mo di�cations to the rules of system

S consist of requiring expressions em b edded in t yp es to b e pure, and allo w dep enden t pro duct

t yp es to b ear e�ect annotations. The rules ( E /econv.cong.fun.a rg ) and ( E /econv.cong.fun.b o dy ) do ho w ev er

p ermit the b o dy of the function to b e pure, as all that is required is that the function itself b e a

pure expression.

� ` T

0

ok � , x : T

0

` T

00

ok

( E /tok.fun )

� ` �x : T

0

.




T

00

ok

� ` E :

P

type

( E /tok.�eld )

� ` T yp E ok

� ` E :

P

T

( E /tok.sing)

� ` S ( E ) ok
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� ` E :

P

T

( E /eeq.re
)

� ` E � E

� ` E :

P

T

( E /tsub.sing )

� ` S ( E ) < : T

� ` T

0

� ! T

0

0

� , x : T

0

` T

1

ok

( E /tconv.cong.fun.a rg )

� ` �x : T

0

.




T

1

� ! �x : T

0

0

.




T

1

� ` T

0

ok � , x : T

0

` T

1

� ! T

0

1

( E /tconv.cong.fun.ret)

� ` �x : T

0

.




T

1

� ! �x : T

0

.




T

0

1

� ` E � ! E

0

� ` E :

P

type

( E /tconv.cong.�eld)

� ` T yp E � ! T yp E

0

� ` T

0

� ! T

0

0

� , x : T

0

` E

1

:




T

1

( E /econv.cong.fun.a rg )

� ` ( �x : T

0

. E

1

) � ! ( �x : T

0

0

. E

1

)

� , x : T

0

` E � ! E

0

� , x : T

0

, y : S ( E ) ` E

1

:




T

1

( E /econv.cong.fun.b o dy )

� ` ( �x : T

0

. f y  E g E

1

) � ! ( �x : T

0

. f y  E

0

g E

1

)

� ` E � ! E

0

� ` E

2

:

P

T

2

( E /econv.cong.pair.1)

� ` ( E , E

2

) � ! ( E

0

, E

2

)

� ` E � ! E

0

� ` E

1

:

P

T

1

( E /econv.cong.pair.2)

� ` ( E

1

, E ) � ! ( E

1

, E

0

)

� ` E � ! E

0

� ` E :

P

�x : T

1

. T

2

( E /econv.cong.p roj )

� ` �

i

E � ! �

i

E

0

� ` E � ! E

0

� ` E :

P

�x : T

0

.

P

T

1

� ` E

0

:

P

T

0

( E /econv.cong.app.fun)

� ` E E

0

� ! E

0

E

0

� ` E � ! E

0

� ` E :

P

T

0

� ` E

1

:

P

�x : T

0

.

P

T

1

( E /econv.cong.app.a rg )

� ` E

1

E � ! E

1

E

0

� ` E

1

:

P

T

1

� ` E

2

:

P

T

2

( E /econv.p roj)

� ` �

i

( E

1

, E

2

) � ! E

i

� , x : T

0

` E

1

:

P

T

1

� ` E

0

:

P

T

0

( E /econv.app)

� ` ( �x : T

0

. E

1

) E

0

� ! f x  E

0

g E

1

� ` E :

P

type

( E /econv.eta.�eld)

� ` E � ! h T yp E i

� ` E :

P

�x : T

0

.




T

1

( E /econv.eta.fun )

� ` E � ! ( �x : T

0

. E x )

� ` E :

P

�x : T

1

. T

2

( E /econv.eta.pair)

� ` E � ! ( �

1

E , �

2

E )

Subt yping for functions The congruence rule for subt yping accross dep enden t pro ducts needs

to tak e e�ects in to accoun t. A function t yp e is smaller than another function t yp e when the domain

of the �rst is smaller, the image of the �rst is larger, and the �rst allo ws few er e�ects to o ccur during

execution.

� ` T

0

0

< : T

0

� , x : T

0

0

` T

1

< : T

0

1

� , x : T

0

` T

1

ok when 
 v 


0

( E /tsub.cong.fun )

� ` �x : T

0

.




T

1

< : �x : T

0

0

.




0

T

0

1

IV.4.3.4 � ` E :




T Expression t yping

Expression t yping judgemen ts no w carry an e�ect annotation.

Constan ts, v ariables, t yp e �elds Constan tes, v ariables and t yp e �elds are alw a ys pure.
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� ` ok

( E /et.base.unit )

� ` () :

P

unit

� ` ok

( E /et.base.b o ol )

� ` bv :

P

bool

� ` ok

( E /et.base.int)

� ` n :

P

int

� ` ok when x : T 2 �

( E /et.x )

� ` x :

P

T

� ` T ok

( E /et.t yp e )

� ` h T i :

P

type

P airs P airs are simple data structures: the t yp e of a pair simply indicates the t yp es of its com-

p onen ts. The information as to whic h comp onen t of the pair carries whic h e�ect is lost. Therefore

t yping a pair requires a common e�ect annotation to b e found for its comp onen ts (the rule ( E /et.sub )

used on eac h side allo ws one to use the least upp er b ound). Similarly , the e�ects of a �rst pro jec-

tion are the e�ects of the original expression. The second pro jection can only b e used on a pure

expression since the expression app ears in a t yp e

4

.

� ` E

1

:




T

1

� ` E

2

:




T

2

( E /et.pair)

� ` ( E

1

, E

2

) :




T

1

� T

2

� ` E :




�x : T

1

. T

2

( E /et.p roj.1 )

� ` �

1

E :




T

1

� ` E :

P

�x : T

1

. T

2

� ` E

1

:

P

S ( �

1

E )

( E /et.p roj.2)

� ` �

2

E :

P

f x  E

1

g T

2

F unctions An immediate function is alw a ys pure. The abstraction construct susp ends the e�ects

of the function, whic h are re
ected in the e�ect annotation on the function t yp e. When a function

is applied, the e�ects of the b o dy are released and add to the e�ects of the function expression. W e

require the argumen t of a function to b e pure as it is substituted in to the result t yp e.

� , x : T

0

` E :




T

1

( E /et.fun)

� ` �x : T

0

. E :

P

�x : T

0

.




T

1

� ` E

1

:




1

�x : T

0

.




2

T � ` E

0

:

P

T

0

( E /et.app)

� ` E

1

E

0

:




1

t 


2

f x  E

0

g T

Lo cal binding In the rule ( E /et.app) , the argumen t E

0

m ust b e pure. In order to lift this restriction,

one ma y use a lo cal binding construct instead, as discussed in section IV.2.1.4 . One ma y then no

longer substitute E

0

in the result t yp e, th us a premise of ( E /et.let) imp oses that the result t yp e do es

not men tion the lo cally b ound v ariable x | T is the t yp e of the whole expression as w ell as the

t yp e of the b o dy E . The e�ects of the expression are the union of that of E

0

and E . Since w e

only distinguish b et w een t w o e�ects, and the case where b oth E

0

and E is not useful as function

application can b e used instead, w e directly state the rule assuming the impure e�ect I throughout.

With a ric her e�ect system, w e w ould use the least upp er b ound of the e�ects of E

0

and E as the

result e�ect, although w e w ould imp ose that this b ound not b e P in order to k eep the pure fragmen t

of the language as small as p ossible.

� ` E

0

:

I

T

0

� , x : T

0

` E :

I

T � ` T ok

( E /et.let )

� ` ( let x = E

0

in E : T ) :

I

T

If E is an impure expression of t yp e T

1

� T

2

, the second pro jection of E can b e enco ded as

let x = E in �

2

x : T

2

. If E

0

is an impure expression and E has the t yp e T

1

, then the application of E

to E

0

can b e enco ded as let x = E

0

in E x : T

2

. Note that in b oth cases T

2

is not allo w ed to con tain

x : the t yp e of E ma y not b e dep enden t.

Subt yping The rule ( E /et.sub) com bines implicit subt yping with implicit sub e�ectuation: an y

expression whose e�ects are constrained b y 
 has its e�ects constrained b y an y 


0

suc h that 
 v 


0

.

4

Actually it w ould su�ce to require E

1

to b e pure, with e�ects allo w ed in E , ho w ev er w e will not ha v e a use for

this generalisation.
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� ` E :




T � ` T < : T

0

when 
 v 


0

( E /et.sub)

� ` E :




0

T

0

Singletons W e qualify the rule ( E /et.sing ) to restrict singletons to pure expressions.

� ` E :

P

T

( E /et.sing)

� ` E :

P

S ( E )

Sealing A new rule describ es ho w to t yp e a sealing. In general, in the expression E !! T , the

\natural" t yp e for E is a subt yp e of T , and the subt yping rule m ust b e applied. The e�ects of E !! T

are those of E , plus the e�ect of the sealing; since w e do not distinguish b et w een e�ects, the e�ect

annotation on E !! T is alw a ys I .

� ` E :




T

( E /et.seal)

� ` ( E !! T ) :

I

T

IV.4.4 Applicativit y

IV.4.4.1 Applicativ e functors

Consider a functor whose b o dy is sealed, i.e., �x : T

0

. ( E !! T ) . According to our description of

sealing, eac h application of this functor causes the expression E !! T to b e ev aluated, pro ducing a

fresh batc h of abstract t yp es. Therefore the t yp es T yp �

1

x

1

and T yp �

1

x

2

in the follo wing program

are incompatible:

let f = �x : unit . (( h T

0

i , E ) !! �x : type . T

1

) in

let x

1

= f () in let x

2

= f () in . . .

This means that f is a generativ e functor (see section I.2.2.3 ). A functor whose b o dy is sealed

is alw a ys generativ e; this is re
ected b y its t yp e, whic h has the form �x : T

0

.

I

T indicating that the

application of the functor has a side e�ect (namely t yp e creation). On the other hand, a functor

whose b o dy is pure (th us in particular not sealed) has a t yp e of the form �x : T

0

.

P

T , and do es not

participate in creating abstraction: it is a transparen t functor .

Sometimes w e w ould lik e for a functor to create abstraction, but for rep eated applications of the

functor to the same argumen ts to pro duce compatible abstract t yp es. A t ypical example is a functor

creating a data structure, where the argumen ts describ e the elemen ts of the data structure. Suc h

functors are called applicativ e functors [Ler95 ]. W e shall see t w o w a ys of supp orting applicativ e

functors.

One metho d is to add a new notion of sealing to the language, suc h that sealing the same mo dule

t wice yields compatible results (in the sense that their abstract t yp es are equiv alen t). This notion of

sealing is called w eak sealing , and w e will write a w eak sealing as E :: T . The form of sealing whic h

alw a ys creates fresh abstract t yp es, whic h w e already kno w as E !! T , is called strong sealing . W e

will see ho w to formalise w eak sealing in section IV.4.4.2 . Using it, the t yp es T yp �

1

x

1

and T yp �

1

x

2

in the follo wing program are compatible:

let g = �x : unit . (( h T

0

i , E ) :: �x : type . T

1

) in

let x

1

= f () in let x

2

= f () in . . .

There is actually another w a y to build applicativ e functors without extending the language. One

ma y seal the functor itself, rather than its b o dy . Then all abstraction happ ens when the functor

30



IV.4. SEALING [ E ]

is de�ned, and none when it is applied. F or example, in the follo wing program, g is an applicativ e

functor, and the t yp es T yp �

1

y

1

and T yp �

1

y

2

are compatible (w e assume that E is pure).

let g = ( �x : unit . ( h T

0

i , E )) !! ( �x : unit .

P

�x : type . T

1

) in

let y

1

= g () in let y

2

= g () in . . .

In either case, an applicativ e functor has a pure functor t yp e �x : T

0

.

P

T

1

, as opp osed to the

impure functor t yp e �x : T

0

.

I

T

1

of a generativ e functor. This do es not prev en t an applicativ e functor

from creating abstract t yp es, if the result signature T

1

con tains type �elds. The metho d for de�ning

an applicativ e functor using strong sealing con v eys an in teresting idea ab out ho w abstract t yp es are

created: the side e�ect of creating the abstract t yp es happ ens when the functor is de�ned, or more

precisely when the functor is sealed, making an applicativ e functor from a transparen t functor. If

the functor is de�ned and sealed at the top lev el of the program, the side e�ect happ ens during

program initialisation.

An applicativ e functor can b e transformed in to a generativ e functor at an y time b y sealing it to

the appropriate generativ e functor signature (just lik e a transparen t functor can b e made applica-

tiv e): �x : T

0

.

P

T

1

is a subt yp e of �x : T

0

.

I

T

1

(this is con tained in the subt yping rule ( E /tsub.cong.fun ) ).

The con v erse transformation, of an abstraction-creating functor to a less-abstracting functor (gen-

erativ e to applicativ e, or applicativ e to transparen t), is undesirable, since there w ould b e a loss of

abstraction. Our e�ect system prev en ts suc h loss: applying a generativ e functor triggers an e�ect,

and the only w a y to hide this e�ect is to wrap it in a lam b da-abstraction whose t yp e records the

e�ect.

IV.4.4.2 Static sealing: formalisation W

In tro duction W e shall de�ne a new, \w eak" notion of sealing suc h that sealing the same mo dule

t wice pro duces compatible results. The purp ose of this notion is to de�ne applicativ e functors, and

these pro vide a go o d w a y to understand w eak sealing. W e ha v e seen ho w to seal a transparen t

functor to mak e it applicativ e: there is then an e�ect when the applicativ e functor is de�ned. The

family of abstract t yp es created b y an applicativ e functor (whic h is indexed b y the argumen ts of

the functor) is �xed once and for all. W e men tioned earlier that when enco ding applicativ e functors

using strong sealing, the e�ect happ ens during program initialisation. In fact the e�ect of w eak

sealing can b e considered to happ en at compile-time (more precisely during t yp e-c hec king). Suc h a

w eak sealing is called static sealing , as opp osed to the dynamic sealing E !! T . (W e will discuss

other w eak forms of sealing in section IV.4.4.4 ). Let us no w formally de�ne static sealing.

Syn tax W e de�ne system W whic h extends system E . The expression language has the new

static sealing construct E :: T . Lo cal binding no w carries an e�ect annotation, whose meaning w e

will explain when commen ting on the t yping rule ( W /et.let ) ; w e will often omit this extra annotation

in examples where it do es not matter. The t yp e language remains unc hanged.

E ::= expression (mo dule)

. . .

let x = E

0

in E :




T lo cal binding

E :: T static sealing

The main no v ation is that the e�ect system is no w larger.
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 ::= e�ect

P pure

I dynamic e�ect

S static e�ect

IS b oth a static and a dynamic e�ect

The order relation on e�ects is giv en b y P v I v IS and P v S v IS . Only P and I ma y app ear

in function t yp es, i.e., as the 
 in �x : T

0

.




T

1

.

The t yp e system of W is mostly iden tical with E : the di�erences are con�ned to a few rules

that feature impure expressions. Rules that are parametric o v er an e�ect instan tiation ma y ha v e

the e�ect instan tiated b y S or IS , with (for ( W /et.sub) ) the extended order relation.

T yping a static sealing is similar to t yping a dynamic sealing. In either case, the e�ect of the

sealing is added to the e�ects of the function b o dy . The e�ect of the sealing is either I for dynamic

sealing or S for static sealing.

� ` E :




T

( W /et.seal.dyn)

� ` ( E !! T ) :


 t I

T

� ` E :




T

( W /et.seal.stat )

� ` ( E :: T ) :


 t S

T

Lam b da-abstraction hides dynamic e�ects (although the t yp e of the abstraction remem b ers the

e�ect), but static e�ects alw a ys remain apparen t. The functor result e�ect 
 u S can b e seen as \the

static part of 
 ", while the e�ect of the whole functor 
 t I is the dynamiac part of 
 . W e recall

the rule for application, whic h is unc hanged, but do note that 


2

v I alw a ys holds.

� , x : T

0

` E :




T

1

( W /et.fun)

� ` �x : T

0

. E :


 u S

�x : T

0

.


 u I

T

1

� ` E

1

:




1

�x : T

0

.




2

T � ` E

0

:

P

T

0

( W /et.app)

� ` E

1

E

0

:




1

t 


2

f x  E

0

g T

In system E , w e forced lo cal binding expressions let x = E

0

in E : T to b e impure, in order to k eep

the set of pure, hence comparable expressions small (as so on as E

0

is pure the expression can b e

written ( �x : T

0

. E ) E

0

). W e will k eep doing this here; ho w ev er w e cannot simply force the expression

to ha v e the e�ect I since there are no w other e�ects: if the expression should ha v e the e�ect S , w e

do not w an t to force it to IS (nor \forget" the static e�ect and only k eep I ). W e no w require that

the programmer sp ecify the o v erall e�ect along with the t yp e (b ecause of the a v oidance problem);

since w e do not w an t the expression to b e pure w e simply forbid this e�ect annotation from b eing

P .

� ` E

0

:




T

0

� , x : T

0

` E :

I

T � ` T ok when 
 6= P

( W /et.let)

� ` ( let x = E

0

in E :




T ) :




T

Execution The dynamic seman tics of system W is the same as that of E , with the rule ( W /ered.seal)

indi�eren tly accepting a dynamic or static sealing. Since this reduction simply erases the abstrac-

tion, the degree of generativit y do es not matter.

IV.4.4.3 Equiv alences in the presence of static sealing

W e sa w in section IV.4.4.1 that dynamic sealing do es not comm ute with functor abstraction: �x :

T

0

. ( E !! T ) and ( �x : T

0

. E ) !! ( �x : T

0

.




T ) are not equiv alen t | if 
 = I , they ha v e the same t yp e

(they are b oth generativ e functors), but the �rst expression is pure while the second is impure. In

con trast, static sealing comm utes with functor abstraction: the expressions E

1

= �x : T

0

. ( E :: T )

and E

2

= ( �x : T

0

. E ) :: ( �x : T

0

.




T ) can b e used in terc hangeably . ML (or at least Ob jectiv e Caml)

programmers often tak e this equiv alence for gran ted. W e will sa y that E

1

and E

2

are equit ypable ,

meaning that for an y � , 


0

and T

0

, the t yping judgemen t � ` E

1

:




0

T

0

is deriv able if and only if

� ` E

1

:




0

T

0

is. Equit ypabilit y will b e the notion of in terest in the presen t section, as w e will lo ok
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at program fragmen ts that ha v e the same run-time b eha viour apart from the usage of sealing, but

are distinguishable at the t yping lev el as they create abstraction in di�eren t amoun ts.

T o pro v e that E

1

and E

2

are equit ypable, �rst note that b oth E

1

and E

2

require � , x : T

0

` E :




T

to hold in order for eac h of them to b e w ell-t yp ed (b y case analysis on their p oten tial t yping

deriv ations). Then E

1

is t ypable b y the rule ( W /et.seal.stat) follo w ed b y ( W /et.fun) , while E

2

is t ypable

b y the rule ( W /et.fun) follo w ed b y ( W /et.seal.stat) (extra applications of ( W /et.sub ) ma y b e inserted, but

they do not ha v e signi�can t impact as all op erations in v olv ed are co v arian t in the result t yp e). Both

E

1

and E

2

ha v e the principal t yp e �x : T

0

.


 u I

T and the principal e�ect S .

Static sealing also comm utes with other constructs. F or example, ( E

1

, E

2

) :: ( T

1

� T

2

) is equit y-

pable with ( E

1

:: T

1

, E

2

:: T

2

) , as w ell as with ( E

1

:: T

1

, E

2

) and ( E

1

, E

2

:: T

2

) , assuming that eac h E

i

has the t yp e T

i

. The k ey reason is that the presence of static sealing in an y p osition mak es the whole

pair statically impure. Similarly the expressions �

i

( E :: T

1

� T

2

) and ( �

i

E ) :: T

i

are equit ypable when

E has the t yp e T

1

� T

2

.

Let us no w consider a lo cal binding E

0

= let x = E

0

in E :




T . Sealing only E is manifestly not

equiv alen t to sealing E

0

, since the set of signatures that E or E

0

ma y b e sealed to is di�eren t: only E

ma y b e sealed b y a t yp e men tioning x . Ho w ev er the di�erence is but of little imp ortance, the reason

b eing that the in
uence of sealing on e�ects is the same in b oth cases, viz., in tro ducing S if sealing

statically , or in tro ducing I if sealing dynamically . As for the t yp e of the expression, it remains T if

E is sealed (assuming the whole expression remains w ell-t yp ed), and it b ecomes some subt yp e of T

is E

0

is sealed. In particular, let x = E

0

in ( E :: T

1

) : T is equit ypable with ( let x = E

0

in E :




T ) :: T as

long as E has the t yp e T

1

in the appropriate en vironmen t.

A sealing (whether dynamic or static) cannot app ear in a function argumen t. These consider-

ations sho w us that w e do not lose expressivit y if w e limit the presence of static sealing inside a

program to just t w o kinds of places: on a lo cally b ound mo dule let x = ( E

0

:: T

0

) in E :




T and on

an applied functor ( E

1

:: T

2

) E

0

. In the �rst case, remo ving the sealing could allo w E to mak e use

of a more precise t yp e for x (an y t yp e of E

0

, not limited b y E

0

) | in other w ords the abstraction

pro vided b y the sealing w ould v anish with it. The usefulness of sealing an applied functor is of

the same order: in order for ( E

1

:: T

2

) E

0

to b e w ell-t yp ed, T

2

m ust b e a function

5

�x : T

0

.




T

1

. If

T

1

is smaller than necessary , the abstraction could migrate ab o v e the application (one could write

( E

1

E

0

) :: f x  E

0

g T

1

instead). If T

0

is larger than necessary , the c hoice of p ossible t yp es of E

0

is

limited, so E

0

b ecomes more abstract than as seen b y the function. In fact, ( E

1

:: �x : T

0

.




T

1

) is

equit ypable with let x = ( E

0

:: T

0

) in E

1

x :




T

1

. Hence, in summary , static se aling is only useful on a

lo c al ly b ound mo dule .

IV.4.4.4 Other forms of sealing

W e ha v e so far formalised t w o forms of sealing: static sealing, whic h creates a new family of abstract

t yp es for eac h syn tactic o ccurrence of the sealing op erator, and dynamic sealing, whic h creates a new

family of abstract t yp es eac h time the sealing op erator is ev aluated. These t w o forms corresp ond to

the we ak se aling E :: T and str ong se aling E : > T prop osed b y Drey er, Crary and Harp er [DCH03 ],

and our e�ect system follo ws theirs

6

(with one minor di�erence: they declare strong sealing as

ha ving a static e�ect as w ell as a dynamic e�ect, whic h uselessly strict but of little incidence).

Drey er [Dre05 ] distinguishes b et w een three forms of sealing:

5

T

2

could actually also b e a singleton, but then the sealing w ould not b e creating an y abstraction.

6

W e use di�eren t notations ho w ev er: w e see e�ect annotations as indicating e�ects, whereas they see these annoa-

tions as purit y annotations; th us w e write S for a static e�ect where they write D for dynamic purit y , and w e write I

for a dynamic e�ect where they write S for static purit y .
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� impure sealing impure ( E : > T ) is the strong sealing of Drey er, Crary and Harp er [DCH03 ]

men tioned in the previous paragraph;

� separable sealing E : > T and inseparable sealing pure ( E : > T ) b oth corresp ond to our static

sealing, b eing only distinguished b y their separabilit y , whic h w e do not tak e in to accoun t (see

section IV.4.2.3 ).

Man y other v arian ts can b e conceiv ed, with v arying strengths. Ascription consists in constrain-

ing an expression to a t yp e without restricting the view to it, i.e., without in tro ducing abstraction:

if E has the t yp e T , the ascription E :

a

T has an y t yp e that E has; in particular, if E is pure, then

E :

a

T is also pure and has the t yp e S ( E ) . Ascription can b e seen as a degenerate form of sealing.

Minimal sealing creates a comparable abstract t yp e: E :

s

T has the t yp e T and the purit y of E .

Th us minimal sealing is a new w a y to construct pure expressions; t w o minimally sealed expressions

are comparable. Minimal sealing c heerfully generates coinciden tal t yp e equiv alences, whenev er the

same expression happ ens to b e sealed to the same t yp e. A v airan t of minimal sealing consists in

declaring E :

s

T to b e equiv alen t to E :

s

T

0

whenev er b oth are v alid. Y et another v arian t consists in

ha ving a whole family of minimal sealings indexed b y a name, considering t w o minimal sealings of

the same expression to b e equiv alen t if and only if they carry the same name.

Note that minimal sealing can b e em ulated using static sealing. All w e need is a standard library

function pro viding an applicativ e functor

f

minseal

= �t : type . �x : string .

(( t , (( �x : T yp t . x ) , ( �x : T yp t . x ))) ::

�t

0

: type . ( T yp t ! T yp t

0

) � ( T yp t

0

! T yp t ))

or in Ob jectiv e Caml syn tax

let MinSeal = functor (A : sig type t end) ->

struct type t = A.t let a x = x let c x = x end :

sig type t val a : t->A.t val c : A.t->t end

end

F or an y t yp e T and an y name x , f

minseal

h T i x pro vides an abstract t yp e and con v ersion functions

b et w een that t yp e and T . (In Ob jectiv e Caml, w e should de�ne once module M

name

T

= struct type

t = T end for ev ery t yp e T and name name since structures are generativ e.) This de�nes the

named v arian t of minimal sealing; getting rid of x yields the basic v arian t. As w e remark ed in

section IV.4.4.1 , f

minseal

could equally w ell b e de�ned using dynamic sealing.

W e ha v e limited our exp osition to t w o forms of sealing b ecause, together with the easily de�nable

minimal sealing, they seem to b e su�cien t for all practical purp oses. W e can roughly partition uses

of sealing in to three categories:

� abstract datat yp es, in whic h abstraction enforces algebraic prop erties that go b ey ond the

expressiv e p o w er of the t yp e system: static sealing is the p erfect matc h;

� named v arian ts of isomorphic t yp es (e.g., dollar and euro ): minimal sealing is suitable;

� abstract t yp es used to limit access to some resource, whic h require dynamic sealing.
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IV.4.4.5 Mutual enco dings of static and dynamic sealing

Can w e go ev en further and b e con ten t with a single form of sealing? The answ er is \sort of ": while

static and dynamic sealing can b e enco ded in terms of one another, a global program transformation

is required either w a y .

Let us �rst express static sealing in terms of dynamic sealing. W e start with t w o observ ations.

Firstly , the t w o forms of sealing are equiv alen t if the sealing is executed exactly once. Secondly ,

w e sa w in section IV.4.4.3 that it su�ces to study static sealing on lo cally b ound expressions

let x = E

0

:: T

0

in E :




T .

W e can see an y program as a sequence of lo cal bindings let x

1

= E

1

:: T

1

in . . . let x

k

= E

k

:: T

k

in E

(w e omit the return t yp e on let s as they are not imp ortan t here). W e call E the b o dy of the program,

and the exp osed lo cal bindings are said to b e toplev el. A program is said to b e in pr enex se alings

form if none of the expressions E

1

, . . . , E

k

con tain an y static sealing. Finally a cle an program is

one in prenex sealings form where E con tains no static sealing either, i.e., all static sealings are

toplev el. In a clean program, static sealings can b e replaced b y dynamic sealings without a�ecting

the t yping of the program. W e will sho w ho w to transform an y program in to an equit ypable clean

program.

Le E

0

:: T

0

b e a sub expression of the program, so that the b o dy of the program is E

0

:: T

0

in some

con text C , whic h w e write E = C � ( E

0

:: T

0

) . W e can replace E

0

:: T

0

b y E

0

0

= ( �y

1

: T

1

. . . . �y

j

: T

j

. E

0

::

T

0

. . . ) y

1

. . . y

j

where y

1

, . . . , y

j

are the v ariables b ound b y C from outermost to innermost,

omitting toplev el bindings. If j = 0 w e instead tak e j = 1, T

1

= unit and E

0

0

= ( �y : unit . E

0

:: T

0

) () .

In ev ery case, E

0

0

is the application of a lam b da-abstraction to one or more parameters. All free

v ariables in this lam b da-abstraction are b ound at the toplev el. W e can therefore extract it out of

the con text C in order to bind it ab o v e, going b y b eta-expansion and let lifting from E = C � ( E

0

:: T

0

)

to E

0

= ( let f = E

0

0

in C � ( f y

1

. . . y

j

)) where f is a fresh v ariable. No w, as w e sa w earlier, static

sealing can b e lifted out of a lam b da-abstraction, so E

0

0

is equit ypable with some expression E

00

0

:: T

00

0

.

Let E

00

= ( let f = E

00

0

:: T

00

0

in C � ( f y

1

. . . y

j

)) . Pro vided E

0

itself con tains no static sealing, E

00

is in

prenex sealings form, and the n um b er of toplev el bindings has increased b y 1.

Iterating the transformation w e ha v e just describ ed o v er all of the static sealings in the initial

program (from inside out), w e can put an y program in prenex sealings form. By replacing eac h

toplev el static sealing with a dynamic one, w e obtain an equit ypable program that do es not use

static sealing. One in tuitiv e view of this transformation is that eac h static sealing creates a single

family of abstract t yp es, and w e lift the creation of this family to b e p erformed exactly once during

program initialisation.

W e no w turn to the dual problem of enco ding dynamic sealing in to static sealing. The di�erence

b et w een static sealing and dynamic sealing is the e�ect of the construction. One w a y to force a

dynamic e�ect is to apply a generativ e functor, and a generativ e functor can b e created b y an y

sealing, including static sealing, of a transparen t functor. This leads Drey er, Crary and Harp er

[DCH03 ] to prop ose the follo wing enco ding of strong sealing (whic h is almost our dynamic sealing)

in to w eak sealing (iden tical to our static sealing):

E : > T = (( �x : unit . E ) :: ( �x : unit .

I

T )) ()

Unlik e dynamic sealing E !! T , strong sealing E : > T has a static e�ect in addition to its dynamic

e�ect: E : > T is equit ypable with E !! T :: T . This e�ect cannot b e disc harged b y a lam b da-

abstraction, so that generativ e functors cannot b e pure in Drey er, Crary and Harp er's system.

Nonetheless w e can mo v e the extra static sealings to the toplev el b y applying the transformation

ab o v e.
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In summary , static and dynamic sealing can b e enco ded in terms of one another, alb eit incurring

the cost of a global transformation. In the remainder of this do cumen t, w e will study a language

with only dynamic sealing (whic h w e prefer due to its more comp ositional seman tics). W e prop ose to

treat static sealing as an additional construct whic h should b e pro vided in a programming language

alongside dynamic sealing, and then elab orated a w a y inside the compiler.

IV.4.4.6 On applicativit y through functor sealing

The observ ation that the p osition of the sealing determines whether a functor is applicativ e or

generativ e do es not seem to b e univ ersally kno wn in the ML comm unit y . It requires b eing able to seal

a functor, whereas early mo dule systems for ML only had sealing of structures. In Ob jectiv e Caml,

where functors are systematically applicativ e, it is customary to seal the b o dy of a functor, and

sealing the functor is considered equiv alen t (and needlessly complex as the t yp e of the argumen t

is then rep eated) [Ler]. Note that if sealing is in terpreted as an e�ect, the fact that it do es not

comm ute with lam b da-abstraction is unsurprising.

Early mo dule systems for ML only de�ned sealing on structures, and the p ossibilities of functor

sealing seep ed in slo wly and with a lo w pro�le. Russo [Rus98 ] distinguishes applicativ e functors

from generativ e functors b y their de�nition rather than b y their signature, with the defect that a

generativ e functor can b e directly seen as an applicativ e functor [Dre02 ] as seen in section I.2.2.4 .

Shao [Sha99 ] remarks in passing that sealing a transparen t functor is a w a y of building an applicativ e

functor. This p ossibilit y is also men tioned b y Drey er, Crary and Harp er [DCH03 , Dre05 ] but they

recommend using w eak sealing to build applicativ e functors.

One argumen t in fa v or of w eak sealing ([DCH03 ], x 2, p. 7) is that it can b e applied to a

single mem b er of a structure in the b o dy of the functor, whic h mak es some t yp es abstract already

in follo wing mem b ers, whereas sealing the functor only mak es t yp es abstract once the functor is

applied. In our notation, the functors under discussion are of the form �x : T

0

. let y = E

1

:: T

1

in E

2

: T

2

.

W e sa w in section IV.4.4.5 that this is precisely the case when the transformation of static sealing

in to dynamic sealing requires a global co de reorganisation.

Drey er [Dre05 ] ( x 1.2.7) men tions in particular the case of a functor whose b o dy de�nes and

uses a \generativ e" declared t yp e ( datatype in Standard ML, ordinary v arian t or record t yp e in

Ob jectiv e Caml). If declared t yp es are mo delled b y an abstract t yp e obtained through dynamic

sealing, suc h a functor is automatically generativ e. Ho w ev er w e do not see an y reason to insist on

dynamic sealing: minimal sealing w ould do just �ne, as the generativ e nature of declared t yp es only

serv es to di�eren tiate b et w een the constructor and destructor names of di�eren t declared t yp es.

Since minimal sealing can easily b e mo delled b y dynamic sealing, the lac k of sealing other than

dynamic is not a problem on this coun t.

IV.5 Colours and brac k ets C

In system E , the sealing construct a�ects t yping but not ev aluation, as witnessed b y the reduction

rule for sealing whic h just forgets the sealing:

E !! T � ! E ( E /ered.seal)

This rule is t yp e-preserving in the sense that if the left-hand side is w ell-t yp ed then the righ t-

hand is also w ell-t yp ed and has the same t yp e. Ho w ev er information is clearly lost: this rule is

not abstraction-preserving. This lac k is no concern when ev aluating a single program, as t yp e

preserv ation ensures that nothing can \go wrong" and the whole program text is a v ailable for an y
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If T is of the form . . . then E !! T reduces to an expression of t yp e. . .

�t : type . ( int ! T yp t ) S ( �

1

a ) � ( int ! T yp �

1

a )

�t : type . �t

0

: type . ( T yp t � T yp t

0

� int ) S ( �

1

a ) � S ( �

1

�

2

a ) � T yp t � T yp t

0

� int

�x : T

0

. �t : type . ( T yp t � int ) �x : T

0

. S ( �

1

( a x ) ) � T yp t � int

In eac h case, a is the nonce (fresh mo dule iden tit y) created b y the sealing op eration.

Figure IV.1: Examples of nonce generation

analysis that migh t rely on the t yping of the program. Ho w ev er w e aim to rid ourselv es of the strict

phase separation b et w een t yp e-c hec king and ev aluation, b y in tro ducing a facilit y for t yp e-c hec king.

This facilit y requires additional information to remem b er the distinction b et w een an abstract t yp e

and its represen tation t yp e as long as it matters, whic h is as long as dynamic t yp e-c hec king migh t

b e p erformed, i.e., throughout program ev aluation. W e will no w study system C , whic h is based on

E but where the reduction of a sealing preserv es the abstraction.

IV.5.1 Mo dule iden tities

IV.5.1.1 Nonce generation

The rule ( E /ered.seal) do es not prop erly re
ect our in ten tion regarding the seman tics of sealing. W e

describ ed sealing as creating a new t yp e. Consider the example sealing expression ( h int i , 3 ) !!

�t : type . T yp t . It reduces b y ( E /ered.seal ) to ( h int i , 3 ) , whic h has the t yp e �t : S ( h int i ) . T yp t =

S ( h int i ) � int , whereas w e w ould lik e a t yp e of the form �t : S ( h T

0

i ) . T yp t = S ( h T

0

i ) � T

0

where T

0

is distinct from an y previously existing t yp e (esp ecially int ).

More precisely , w e do not need to create a t yp e but a mo dule identity , as can b e seen b y lo oking

at the sealing of mo dules with a more complex structure. F or example, if the same sealed mo dule

de�nes sev eral abstract t yp es, these t yp es share a common unique iden tit y . If the sealed mo dule

is a functor, a new iden tit y m ust b e created but once when the sealing construct is ev aluated, and

this iden tit y will b e used eac h time the functor is applied. Eac h mo dule iden tit y c haracterises one

instan tiation of the abstraction, whic h ma y pro duce an y n um b er of fresh t yp es: as man y as there

are abstract t yp e �elds for a structure, an un b ounded n um b er for a functor (since the argumen t

m ust b e tak en in to accoun t). . .

Figure IV.1 sho ws a few examples of uses of mo dule iden tities. A fresh mo dule iden tit y is called

a nonce (or (h)apax), and written a . These nonces ha v e the same univ ersal uniqueness prop ert y

as those used in mo dels of securit y . They generalise the stamps of MacQueen [AM91 ]. Unlik e

the stamps of man y mo dule systems, our nonces can designate mo dules of arbitrary signatures

(in particular functors). Also the creation of a nonce is p erformed when the sealing construct is

ev aluated, and not whenev er a mo dule is built. Nonces corresp ond to the singularised iden tities

describ ed in section I I.6.1.2 .

A t the syn tactic lev el, w e will for the time b eing consider nonces an extra construct in the syn tax

of mo dules, whic h should not app ear in source programs

7

. Ho w ev er the purp ose of nonces is to

designate abstract t yp es, and w e will ev en tually restrict their presence to \t yp e comp onen ts" (see

section IV.5.1.4 ). W e assume an in�nite supply of distinct nonces (similar to the in�nite supply of

v ariable names).

7

Note that (as w e shall see) nonce-free programs ha v e nonce-free t yp es, so t yp es of source programs are expressible

in the source language.
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IV.5.1.2 Lexes

Ev aluating a sealing construct E !! T requires a fresh nonce, i.e., one that is not presen t in the original

term. W e manage this freshness requiremen t b y using a store of nonces, called a lexis (or stamp

b o ok), and written B . A lexis k eeps trac k of nonces in use as w ell as the mo dule implemen tation

and signature from the sealing construct from whic h the nonce originated. The syn tax of a lexis is

th us

B = ( a

1

= E

1

: T

1

, . . . , a

k

= E

k

: T

k

)

As with en vironmen ts, w e treat lexis concatenation as asso ciativ e, and the empt y lexis (written nil )

is a neutral elemen t for this op eration.

Lexes adorn ev aluation judgemen ts as w ell as t yping judgemen t. A nonce a is w ell-t yp ed and

has t yp e T when the am bien t lexis con tains the binding a = E : T for some E (just as a v ariable

x has the t yp e T when the en vironmen t con tains the binding x : T ). The reduction relation for

system C is formally de�ned on pairs consisting of a lexis and a t yp e; a reduction will b e written

B ` E � ! B

0

` E

0

. Ho w ev er in most instances the lexis do es not a�ect the reduction and do es not

c hange, and w e will then con tin ue to write E � ! E

0

. Reducing a sealing augmen ts the lexis:

B ` E !! T � ! B , a = E : T ` E

0

The nonce a is c hosen fresh, i.e., outside the domain of B . Since the language do es not include

binders for nonces, an y nonce app earing in E or T m ust b e recorded in B .

An alternativ e to this global store w ould b e to in tro duce a \new" binder for nonces, classically

writing ( �a = E

0

: T

0

) E . W e prefer the use of a global store not only b ecause w e ha v e no need for

a nonce binder, but also b ecause managing the migration of � binders accross other syn tax no des

and ab o v e en vironmen ts

8

w ould b e problematic.

IV.5.1.3 F rom sealing to brac k ets

W e ha v e seen that reducing a sealing E !! T creates a fresh nonce a , and the result is an expression

E

0

of a t yp e T

0

, where T

0

uses the nonce a as the iden tit y of the newly created mo dule in order to

precisely sp ecify the abstract parts of T .

This t yp e T

0

is called a strengthening of T , or more precisely it is what w e will call the

sel��cation of the t yp e T for the mo dule iden tit y a (see section I.2.2.2 ). W e will write this

sel��cation as self

T

( a ) . The general idea b ehind sel��cation is to mirror the original structure of

the t yp e, but replace the parts originally left abstract b y a reference to the newly created nonce.

Figure IV.1 sho ws a few examples of sel��cation; w e will defer the task of form ulating a precise

de�nition un til section IV.5.1.5 .

Sealing m ust transform the expression E of t yp e T in to an expression E

0

with essen tially the

same b eha viour as E but a di�eren t t yp e self

T

( a ) . This new t yp e is more precise than T : it is a

subt yp e of T . Although T is usually not the most precise t yp e of E , E cannot ha v e the t yp e self

T

( a )

in general: if the same expression is sealed t wice, the resulting expressions E

0

1

and E

0

2

should ha v e

the resp ectiv e incompatible t yp es self

T

( a

1

) et self

T

( a

2

) . Th us E

0

m ust con tain a reference to the

sp eci�c c hoice of nonce a .

The most ob vious w a y to construct E

0

is to start with E and apply a t yp e co ercion to it:

E

0

= co erce E to self

T

( a ) . Ho w ev er ho w this co ercion should in teract with the rest of the language

is not ob vious. What do es an expression of the form co erce E to T

0

reduce to? With suc h little

information in a readily extractible form, when is co erce E to T

0

w ell-t yp ed?

8

A nonce ma y app ear in the t yp e of a b ound v ariable.
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W e w ere already confron ted with this problem in the simpler setting of the ha t language, as

discussed in I I I.1.1. W e will use the same solution as then, to wit, coloured brac k ets [ZGM99 ].

The expression [ E ]

self

T

( a )

a

denotes the co ercion of E to the t yp e self

T

( a ) , but records the justi�cation

a for equating the implemen tation E with the abstraction. (Recall that E is recorded in the en try

for a in the am bien t lexis.) More generally , if E

1

is an y expression, and if T

2

is equiv alen t to the

t yp e of E

1

mo dulo the equiv alence b et w een a and its implemen tation, the expression [ E

1

]

T

2

a

has t yp e

T

2

. This expression is called the coloured brac k et (or brac k ets) surrounding E

1

and annotated with

the colour a and the t yp e T

2

.

The expression E

1

should b e seen as inside the brac k et, while the annotations a and T

2

are

carried by the brac k et. Nonces (or fresh mo dule iden tities) a ha v e the same r^ ole as the hashes

(or structual mo dule iden tities) h in ha t . The colour a indicates the p ossibilit y of using the extra

t yping equalit y b et w een a and its implemen tation E inside the brac k et. W e sa y that a is transparen t

inside the brac k et. W e will discuss the syn tax and seman tics of colours in system C more fully in

section IV.5.2 .

The reduction rule for sealing is th us as follo ws:

B ` E !! T � ! B , a = E : T ` [ E ]

self

T

( a )

a

As in ha t , the next reduction steps are dev oted to pushing the coloured brac k ets to w ards the inside

of E .

IV.5.1.4 Abstract t yp es

In the expression [ E ]

self

T

( a )

a

, the nonce a can only app ear in t w o p ositions: as the colour annotation

on the brac k et, and in building the t yp e annotation on said brac k et. It seems therefore p ossible to

restrict the places where nonces ma y app ear in the syn tax. But do w e ha v e to?

T reating a nonce a as a full-
edged expression de�nitely simpli�es the o v erall language structure.

Under a lexis con taining the binding a = E : T , the expression a has the t yp e T , and the transparency

of a can b e simply expressed b y the con v ersion a � ! E .

Suc h uninhibited use of nonces nonetheless causes t w o problems, one theoretic, one practical.

Both problems arise from reducing certain expressions con taining nonces.

Consider for instance the sealing E !! T where E = ( h int i , ( 2, 3 )) and T = �t : type . T yp t � T yp t ,

resulting in the lexis binding a = E : �t : S ( �

1

a ) . T yp t � T yp t . While it ma y b e reasonable to treat

suc h expressions as a , ma yb e ev en �

1

a , as v alues | although �

1

a has a destructor at the head,

whic h is o dd in a v alue | the same do es not go for �

2

a . T yping excepted, the exp ected b eha viour of

this expression is the same as ( 2, 3 ) . Ev aluating �

2

( E !! T ) yields the expression [( 2, 3 )]

T yp �

1

a � T yp �

1

a

a

.

W e migh t reduce a to [ E ]

�t : S ( �

1

a ) . T yp t � T yp t

a

and then let brac k et pushing do the rest; ho w ev er,

for t yp e preserv ation, this expression m ust still ha v e the original t yp e S ( a ) .

9

. Exp erience with a

preliminary v ersion of this system sho ws that obtaining suc h a t yping requires a substan tially more

complex metatheory as analysing the t yp es that are equiv alen t to T yp �

1

a b ecomes in tractable.

On the practical side, suc h a reduction requires the implemen tation of a to b e a v ailable at an y

time, whereas a nonce is in tuitiv ely an opaque piece of data on whic h only an equalit y predicate

is de�ned. In particular, the implemen tation of a nonce migh t b e cryptographically hidden, as w e

will see in section IV.5.2.1 .

W e sa w that the principle of sel��cation is to mirror the original structure of the t yp e while

substituting the appropriate pro jection of the nonce for abstract t yp e �elds ( type ) in the signature.

9

Note that a m ust b e pure, since it is mean t for use in t yp es.
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Therefore the nonce a only app ears in self

T

( a ) as a pro jection of a �eld for whic h the signature

indicates type . Suc h a pro jection has the form T yp A where A ma y b e a nonce, a pair pro jection

�

i

A , or the application of a functor to an argumen t A E

0

. A term A of the grammar w e just describ e

shall b e called a mo dule comp onen t .

F rom no w on, w e will not allo w a to b e an expression, prefering to add a new en try to the syn tax

of t yp es. A comp onen t t yp e L A M is a t yp e, denoting what w e w ould ha v e written T yp A . Where

the expression A w as desired, w e can no w write h L A M i (pro vided that the pro jection go es all the

w a y to a single �eld of t yp e type ).

Expressing the transparency of a nonce tak es on a more complicated form since the equiv alence

a � E (where E is the implemen tation of a ) is no longer grammatical. T ransparency m ust b e

expressed separately for eac h comp onen t t yp e. Let a b e the underlying nonce of the mo dule

comp onen t A

1

(whic h w e shall write as a = underl ( A

1

) ). When a is transparen t, L A

1

M is equiv alen t

to T yp E

1

where E

1

is the pro jection of E with the same shap e as A

1

. W e will sa y that A

1

is

rev ealed as E

1

, whic h w e write E

1

= rev eal

B

( A

1

) (where B is the am bien t lexis). F or instance,

if T = �t

1

: type . �t

2

: type . �t

3

: S ( h int i ) . T

4

, then transparency of a en tails the equiv alences

L �

1

a M � T yp �

1

E and L �

1

�

2

a M � T yp �

1

�

2

E .

IV.5.1.5 Sel��cation

The core of the sealing op eration consists in replacing the abstract comp onen ts of a t yp e b y the

corresp onding pro jections of a certain nonce. Generally sp eaking, let us study the sel��cation of a

t yp e T for a mo dule comp onen t A , written self

T

( A ) .

Base cases There are three kinds of elemen tary signatures: manifest t yp e �elds S ( h T

1

i ) ( sig

type t = T 1 end ), abstract t yp e �elds type ( sig type t end ), and term �elds ( sig val x :

T 2 end ). The purp ose of sel��cation is to transform abstract t yp e �elds in to manifest t yp e �elds:

the sel��caiton of type b y A is S ( h L A M i ) . T yp e �elds that w ere already manifest (i.e., S ( h T

1

i ) ) are

left unc hanged, as are term �elds since no extra information is required. T yp e �elds th us alw a ys

gain singleton t yp es, while term �elds are unc hanged.

Structures Sel�fying a structure conserv es its decomp osition in to �elds, with eac h �eld sel��ed

separately . F or example, in ML notation,

sig

type t1

type t2

type u = int * t1

val f : int -> t1 -> u

end

sel��ed b y the name

M is

sig

type t1 = M .t1

type t2 = M .t2

type u = int * t1

val f : int -> t1 -> u

end

Note that the name of the mo dule app ears more than once: the same name M is used as part of

the global designation of all the abstract t yp es in the signature.

Sel�fying a pair T

1

� T

2

b y a comp onen t A naturally yields the pair self

T

1

( �

1

A ) � self

T

2

( �

2

A ) . A

natural generalisation to dep enden t pairs is ac hiev ed b y indep enden tly sel�fying eac h comp onen t,

th us self

�x : T

1

. T

2

( A ) = �x : self

T

1

( �

1

A ) . self

T

2

( �

2

A ) .
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It is tempting to try to go further: since x is no w fully kno wn, wh y not substitute it in T

2

? Th us in the example

ab o v e references to t1 and u could b ecome M .t1 and M .u resp ectiv ely . Ho w ev er this is not p ossible in our language,

whic h includes signatures that cannot b e expressed in ML | to wit, dep endencies (and in particular equalities) on

term �elds. If the �rst comp onen t of a pair con tains term �elds, its signature do es not b ecome a singleton after

sel��cation, and the e�ort to sp ecialise the second comp onen t cannot pro ceed further. F or example the sel��cation

of �x : int . S ( x ) b y a is �x : int . S ( x ) , no more. The sel��cation of a dep enden t pair is therefore still dep enden t in

general.

F unctors The notation type admits t w o radically di�eren t in terpretations, dep ending on whether

it is used in the argumen t or in the result of a functor. In the argumen t, type denotes a t yp e that

will remain unkno wn un til the functor is applied, and will v ary from application to application: a

functor with a type -quali�ed argumen t is p olymorphic. Th us sel�fying a functor t yp e �x : T

0

.




T

1

do es not restrict the domain of the argumen ts of the functor

10

: the sel��cation has the form

�x : T

0

.




T

0

1

. As for the in terpretation of type in the result t yp e of the functor, it dep ends on

whether the functor is applicativ e or generativ e. With an applicativ e t yp e, the e�ectiv e iden tit y of

the t yp e �eld is fully determined b y the argumen t passed to the functor, and sel��cation consists

of eta-expanding the b o dy as �x : T

0

.




self

T

1

( A x ) . On the other hand, if the functor is generativ e,

eac h application generates a new iden tit y; the sel��cation op eration m ust then b e dela y ed un til the

application is p erformed, and T

1

m ust remain abstract for the duration.

De�nition Sel��cation is de�ned b y structural induction on the t yp e as follo ws:

self

BT

( A ) = BT if BT is a base t yp e ( unit , bool , int )

self

�x : T

1

. T

2

( A ) = �x : self

T

1

( �

1

A ) . self

T

2

( �

2

A )

self

�x : T

0

.

P

T

1

( A ) = �x : T

0

.

P

( self

T

1

( A x ))

self

�x : T

0

.

I

T

1

( A ) = �x : T

0

.

I

T

1

self

S ( E

0

)

( A ) = S ( E )

self

type

( A ) = S ( h L A M i )

Ev aluation of t yp e �elds The table ab o v e do es not state ho w to compute self

T yp E

( A ) . The

reason for this omission is that the computation dep ends en tirely in the v alue of E : the de�nition

of sel��cation cannot b e purely syn tactic. In tuition whisp ers that the sel��cation of t w o equiv alen t

t yp es at the same iden tit y should b e equiv alen t; this implies for instance self

T yp h T i

( A ) = self

T

( A ) .

Therefore E m ust b e reduced to a v alue, whic h will ha v e the form h T i for t yping reasons, in order

to compute the sel��cation of T yp E .

IV.5.2 Colors

IV.5.2.1 Colouring

Coloured brac k et According to their in tro duction in section IV.5.1.3 , a coloured brac k et [ E ]

T

a

lets the expression E b e giv en the t yp e T using the t yping equations resulting from the kno wledge of

the implemen tation of a . As in ha t , w e will ha v e a wider view of coloured brac k ets as the syn tactic

manifestation of a b oundary b et w een the inside and the outside of the mo dule. This b oundary tak es

the form of the sealing construct in the source co de, and coloured brac k ets em b o dy it at run time.

10

The sel��cation is a functor �x : T

0

0

.




T

0

1

p er conserv ation of the o v erall structure.
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Coloured syn tax One w a y to describ e the syn tax of system C from the syn tax of E w ould b e to

asso ciate a colour to eac h no de of the syn tax. This colour w ould represen t the origin of that no de,

i.e., from whic h sealed mo dule the no de comes from. The brac k ets pro vide this information in a

di�eren t form: the colour of a syn tax no de is that carried b y the innermost surrounding brac k et.

In the absence of a surrounding brac k et, the colour is the am bien t colour carried b y the

jugdemen t in whic h the term under consideration is placed. The �nal form of an expression t yping

judgemen t in system C includes a colour annotation:

B ; � `

c

E :




T

So do es the �nal form of an expression reduction rule:

B ` E � !

c

B

0

` E

0

Colours app ear in other places in the syn tax. The rule of th um b is that an ywhere a t yp e is

attributed to an expression, a colour m ust also b e pro vided. F or instance a lexis binding has

the form ( a = E :

c

T ) , and an en vironmen t binding has the form ( x :

c

T ) .

Colour seman tics In a t yping judgemen t, the colour determines whic h abstract t yp es ma y b e

rev ealed. F ollo wing the in tuition outlined in section IV.5.1.4 , they are the comp onen ts of transparen t

nonces in the indicated colour. A reduction rule ( C /ered.colAbs) allo ws the rev elation of transparen t

nonces.

Reduction of a sealing W e can �nally state the rule for sealing reduction in full. Let us �rst

consider our usual example consisting of the mo dule struct type t = int let x = 3 end sealed

to the signature sig type t val x : t end .

nil ` ( h int i , 3 ) !! ( �t : type . T yp t ) � !

�

a = ( h int i , 3 ) :

�

( �t : type . T yp t ) ` [( h int i , 3 )]

�t : S ( h L �

1

a M i ) . T yp t

a

Subsequen t reduction steps push the brac k ets to w ards the inside of the v alue, as in ha t (see section

I I I.1.2.2 ).

In general a sealing V !! T is ev aluated in the am bien t colour c to [ V ]

T

0

c

0

, where c

0

= c [ f a g et

T

0

= self

T

( a ) , with a b eing a fresh nonce. Th us the reduction rule ( C /ered.seal)

11

is as follo ws:

B ` V !! T � !

c

B , a = V :

c

T ` [ V ]

self

T

( a )

c [ f a g

The am bien t colour c ma y b e necessary just to ensure that V has the t yp e T ; for V to ha v e the

t yp e self

T

( a ) requires the transparency of a in addition

12

. A colour can th us b e a (�nite) set of

nonces, whic h w e shall write as c = f a

1

, . . . , a

k

g . The seman tics of a colour is to render its elemen ts

transparen t. Un til no w, w e had only seen singleton colours f a g , abbreviated as a ; w e call suc h

colours primary colours . By synecdo c he w e will also call an elemen t of a colour a primary colour.

The empt y colour , for whic h w e will prefer the notation � , mak es no nonce transparen t.

11

Sp ecialised to an uncoloured sealing | see section IV.5.3.6 .

12

This situation is p ossible b ecause a sealing can b e em b edded inside another, p ossibly with a functor in terp osed

whic h prev en ts from pushing the brac k ets induced b y the outermost sealing b efore reac hing the ev aluation of the

functor b o dy con taining the innermost sealing. This scenario did not arise in ha t where mo dule de�nitions w ere

alw a ys sequen tial.
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T ransparency A nonce is said to b e transparen t or opaque (in a colour c , often ob vious from

con text) dep ending on whether it is, or is not, an elemen t of the colour. (This de�nition will b e

generalised under a more seman tic form for a larger class of colours in section IV.5.2.3 .)

Colour w eak ening Reducing a sealing mo v es the sealed expression from a colour to a larger

colour. In tuitiv ely , this should not cause an y t yping trouble: the larger colour pro vides more t yping

equations, so more t ypings are p ossible. W e shall indeed state a colour w eak ening lemma: if E

has the t yp e T in the colour c , and c

0

is a w ell-formed colour con taining c , then E has the t yp e T

in c

0

.

Border colour In a coloured brac k et [ E ]

T

c

0

, the t yp e annotation T liv es on the b order b et w een

the inner colour c

0

and the outer (am bien t) colour c . W e can formalise this b y requiring that T b e

v alid in b oth c and c

0

. By the colour w eak ening lemma, it su�ces that T b e v alid in c \ c

0

, and w e

will use this requiremen t in t yping rules.

13

Colours and securit y Let us brie
y men tion the securit y in terpretation of coloured brac k ets.

Colours can b e seen as capabilities handed to expressions | in our application these capabilities

unlo c k t yp e equations. The brac k ets mark and main tain the b oundaries of privileged c h unks of co de.

Nonces are the usual nonces of abstract cryptograph y . This in terpretation w as �rst form ulated early

in the history of coloured brac k ets [PS00 ] and has b een studied, in particular, under the name �

seal

[SP04].

IV.5.2.2 Seman tics of a t yp e and dep endencies of a nonce

Seman tics of a t yp e in a colour A colour denotes equalities b et w een t yp es, so that there ma y

b e more than one w a y to express a t yp e in a giv en colour. F or instance, if the am bien t lexis con tains

a

1

= ( h int i , E

1

) :

�

�t : type . T

1

, then L �

1

a

1

M is equiv alen t to int in the colour f a

1

g but not in the

empt y colour � . This p ossibilit y for a term to b e a v alid t yp e in di�eren t colours with di�eren t

seman tics (in terms of what expressions ha v e that t yp e) is the k ey to the expressivit y of coloured

brac k ets, as the t yp e annotation is considered in b oth the inner and the outer colour. Note that

the set of terms ha ving a giv en t yp e is a monotone function of the am bien t colour.

Seman tics vs. v alidit y Since a t yp e ma y con tain em b edded expressions, the v ery v alidit y of a

t yp e (and not just its seman tics) ma y dep end on the colour. In the lexis ab o v e, the t yp e S (( �x :

L �

1

a

1

M . x ) 3 ) is only v alid in a colour that mak es a

1

transparen t. Our t yp e system can apparen tly

accomo date this phenomenon, simply b y virtue of annotating ev ery t yping judgemen t with a colour,

including t yp e correctness B ; � `

c

T ok .

Lexis binding Consider in particular the reduction of a sealing B ` V !! T � !

c

B

0

` [ V ]

self

T

( a )

c [ f a g

.

Since V and T are only kno wn to b e v alid in the colour c , c m ust b e recorded together with V and

T in B

0

, hence B

0

= B , a = V :

c

T . The elemen ts of c are called the dep endencies of the nonce a .

13

Using c \ c

0

rather than replicating a premise in the colour c and c

0

has tec hnical adv an tages, mainly in that just

b ecause the judgemen ts B ; � `

c

J and B ; � `

c

0

J are deriv able do es not automatically mean their deriv ations ha v e the

same shap e. W e susp ect that a common shap e can b e found, and w ould w ork equally w ell to deriv e B ; � `

c \ c

0

J , but

pro ving suc h a result lo oks v ery di�cult in our syn tactic approac h. F urthermore, giv en the presence of v ariables in

colours (see section IV.5.2.3 ), w e w ould ha v e to use a seman tic in tersection that op erates on the transparen t closures

of the colours (see section B.1.2 ).
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Colour w ell-formation If the nonce a is used (as part of a t yp e L A M ) in some colour, the

equiv alences b et w een pro jections of a and of its implemen tation V m ust hold. Hence the colour in

question m ust con tain c (the only colour where V is kno wn to b e v alid). Therefore a nonce can only

b e transparen t if its dep endencies are also transparen t. W e express this constrain t in a side condition

in the rule for colour w ell-formation ( ( C /envok.c.a ) ). Another option w ould b e to automatically mak e

all dep endencies transparen t, so that f a g and f a g [ c w ould ha v e the same seman tic. W e c ho ose the

restriction on w ell-formation as simpler and b ecause it is similar to the condition for using a nonce

in an expression.

Use of a nonce in an expression If the nonce a is used in an expression, its t yp e T m ust b e

v alid. Therefore the am bien t colour m ust con tain c (the only colour where T is kno wn to b e v alid).

Therefore a nonce can only b e used if its dep endencies are transparen t, whic h is expressed in a side

condition in the rule ( C /ac.a) .

Concretisation W e migh t attempt another approac h to uses of nonces in an expression. Instead

of giving the nonce a the t yp e T tak en directly from the sealing expression that created a , w e

migh t create a t yp e T

0

that is equiv alen t to T in colours con taining c but is v alid in an y colour. In

the colour c , w e can replace an y dep endency of a b y its implemen tation. The t yp e resulting from

p erforming all suc h p ossible replacemen ts meets the stated requiremen t. This op eration is called

concretisation of the t yp e T for the colour c . Concretisation is also m utually recursiv ely de�ned

on t yp es, expressions and mo dule comp onen ts. Concretisation is a cop y function, except for the

follo wing cases:

conc

B

c

( L A

1

M ) = T yp rev eal

B

( A

1

) if underl ( A

1

) 2 c

conc

B

c

( L A

1

M ) = L A

1

M if underl ( A

1

) =2 c

conc

B

c

([ E ]

T

c

0

) = [ E ]

conc

B

c \ c

0

( T )

c

0

(other cases b y simple induction)

W e get B ; � `

c

0

T � conc

B

c

( T ) as so on as c

0

con tains c .

The adv an tage of concretisation is to allo w the nonce a (with dep endencies c ) to b e used in

an y colour c

0

, whether or not c � c

0

holds. This is ac hiev ed b y giving a the t yp e conc

B

c

( T ) .

Unfortunately , when c is not included in the am bien t colour, conc

B

c

( T ) is generally not equiv alen t

to T ev en if the latter is w ell-formed, whic h is somewhat confusing. F orcing concretisation instead

of restricting nonce use to a suitable colour do es not on balance simplify the system design, whic h

is wh y w e esc hew it here.

Seal-time concretisation Could w e concretise the t yp e of a nonce when the nonce is created, rather than

when the nonce is used? The reduction rule for sealing w ould lo ok lik e the follo wing:

B ` V !! T � !

c

B , a = [ V ]

conc

B

c

( T )

c

: conc

B

c

( T ) ` [ V ]

self

T

( a )

c [ f a g

The t yp e of the sealed expression is then univ ersal, i.e., v alid in an y colour. A lexis binding is also univ ersal, and

so need not b e annotated with a colour. The sligh t loss of expressivit y triggered b y the forced concretisation is th us

comp ensated b y a simpli�cation of the t yp e system.

Unfortunately w e are here using coloured brac k ets outside their op erating parameters. Usually the t yp e T will

con tain some abstract comp onen ts (otherwise the sealing is useless). Ho w ev er the p oin t of sel��cation w as to replace

these abstract comp onen ts in the t yp e annotation on the brac k et b y a manifest t yp e (using the abstract mo dule

iden tit y a ). In fact, the t yp e annotation on coloured brac k ets m ust b e monomorphic, i.e., completely sp eci�ed, free

of type �elds (section IV.5.3 will discuss the concept further).
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IV.5.2.3 V ariables in colours

W e sa w that in ha t substitution of a v alue of t yp e T for a v ariable assumed to ha v e the t yp e T

do es not alw a ys result in a w ell-t yp ed term. An addditional h yp othesis is required stating that the

v alue ha v e the t yp e T in an y colour at whic h the v ariable is used. One w a y to ensure that this

additional requiremen t is met is to asso ciate a colour to eac h v ariable, whic h will b e the colour

of the syn tax no de at whic h the v ariable is b ound, and then only allo w using the v ariable in this

colour. Then t yp e preserv ation b y substitution only require that the substituted-in v alue ha v e the

righ t t yp e in the colour of the v ariable. Reduction rules a�ecting colours push brac k ets inside data

constructors; they do not a�ect the colours of v ariables inside reduced terms (the case of pushing

a brac k et inside a lam b da-abstraction will b e discussed in section IV.5.3.3 ). Compared with ha t ,

w e gain the adv an tage that b eta-reduction ( C /ered.app) do es not men tion an y brac k et. Annotating

v ariable binding sites with colours is consisten t with the principle stated ab o v e that an ything that

is attributed a t yp e is also attributed a colour. Ho w ev er w e shall see that con�ning v ariables to a

colour is not, in itself, sound, and requires additional mac hinery to mak e the system sound.

As usual, the colour of a v ariable binding is giv en b y the innermost surrounding brac k et, or in

the absence of one b y the surrounding colour. A v ariable binding in an en vironmen t records that

colour, so that an en vironmen t binding in system C has the form ( x :

c

T ) .

The simplest w a y to state the v ariable t yping rule w ould b e x :

c

T `

c

x :

P

T , i.e., the v ariable

x is (only) usable in its colour of de�nition. In order for colour w eak ening to hold, this condition

needs to b e relaxed to allo w using x in an y colour con taining the colour of de�nition, i.e.,

x :

c

T `

c

0

x :

P

T when c � c

0

Unfortunately this form ulation do es not su�ce to ensure that colour w eak ening holds, as sho wn b y

the follo wing example:

B ; nil `

c

( �x : int . [[ x ]

int

c

]

int

c

1

) :

P

int ! int

Pro vided that B , c and c

1

are w ell-formed, this t yping judgemen t is correct. There is no requiremen t

for the in termediate colour c

1

to ha v e an y connection with c . If c is widened to some colour c

0

(suc h that c � c

0

), the judgemen t ab o v e b ecomes

B ; nil `

c

0

( �x : int . [[ x ]

int

c

]

int

c

1

) :

P

int ! int

The colour of the innermost brac k et remains c , as there is no indication that it should c hange during

w eak ening. As a result, the term is no longer w ell-t yp ed | the v ariable x is no w used in a colour

that is smaller than its colour of de�nition.

One w a y to p erceiv e this problem is to consider the colour of a v ariable o ccurrence as explicitly

b ound to the colour of the binding of the v ariable, as opp osed to these colours merely ha ving to

alw a ys b eing related. One migh t sa y that o ccurrence colours m ust b e computed b y name rather

than b y v alue. Eac h v ariable is then assigned a \sym b olic primary colour" (con trast with nonces

as constan t primary colours). This new primary colour is written iden tically with the v ariable. A

colour therefore has the form c = f a

1

, . . . , a

k

, x

1

, . . . , x

n

g , i.e., a �nite set of nonces and colours

14

.

A v ariable can only b e used if it is presen t in the am bien t colour, whic h giv es us the follo wing rule:

x :

c

T `

c

0

x :

P

T when x 2 c

0

A further p oin t to note is that the colour c in whic h x is de�ned ma y itself con tain other v ariables

| and it ma y of course con tain nonces. These v ariables and nonces will automatically b e considered

14

Another, sym b olic, notation migh t b e c = f a

1

, . . . , a

k

g [ col ( x

1

) [ � � � [ col ( x

n

) where the sym b ol col notes the

colour of de�nition of its argumen t and the sym b ol [ is in terpreted as set union.
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transparen t whenev er x is. In other w ords, if x 2 c

0

, then an y elemen t of c [ f x g is transparen t in

c

0

. W e note this b y the t yping judgemen t x :

c

T `

c

0

c [ f x g transpa rent . The rule for using a v ariable

in an expression is �nally

�

0

, x :

c

T , �

1

`

c

0

x :

P

T when �

0

, x :

c

T , �

1

`

c

0

x transpa rent

Since v ariables no w o ccur in colours, colours are sub ject to alpha-con v ersion and substitution.

Additionally , a substitution m ust no w include a target colour along with a target expression for the

v ariable: the substitution of x b y E in the colour c will b e written f x  

c

E g . The follo wing example

illustrates the in teraction of substitutions and coloured brac k ets, assuming that x 2 c :

f x  

c

0

E

0

g [ x ]

S ( x )

c

= [ E

0

]

S ( E

0

)

( c nf x g ) [ c

0

IV.5.2.4 Absolute brac k ets, additiv e brac k ets

A coloured brac k et [ E ]

T

c

0

lets the expression E (of colour c

0

) b e used in an y am bien t colour c . This is

a sp ecial case of a relation b et w een the inner colour c

0

and the outer colour c . Let R b e an y binary

relation on colours. W e can write [ E ]

T

R

for a coloured brac k et with relation R , whic h is w ell-t yp ed

in the am bien t colour c if and only if there exists a colour c

0

suc h that E has the t yp e T in c

0

and

( c , c

0

) 2 R (w e assume throughout this discussion that T is v alid in the outer colour).

When R can b e an arbitrary relation, an imp ortan t piece of information is lost, as the inner

colour b ecomes am biguous. W e will therefore limit our analysis to the case where the inner colour

is a (partial) function of the outer colour: [ E ]

T

f

is w ell-t yp ed in the am bien t colour c if and only if

E has the t yp e T in f ( c ) . F urthermore an imp ortan t prop ert y that ensures that colour w eak ening

will hold is that an y widening of the inner colour matc hes a widening of the outer colour, in other

w ords f m ust b e monotone increasing ( c

1

� c

2

implies f ( c

1

) � f ( c

2

) ).

The coloured brac k ets that w e ha v e seen so far corresp ond to the case where the function f is

total and constan t. Suc h brac k ets are kno wn as absolute brac k ets . A t this p oin t the only w a y

to in tro duce a brac k et in an expression is the reduction of a sealing, in whic h the brac k et has some

arbitrary outer colour c

0

and an in ternal colour of the form c

0

[ f a g . Rather than an absolute brac k et,

w e could use an additiv e brac k et whose relation is c 7! c [ f a g (a total, one-to-one function from

the inner colour to the outer colour, th us a (partial) one-to-one function from the outer colour to

the inner colour

15

). W e write suc h an additiv e brac k et as [ E ]

T

+ a

.

Additiv e brac k ets blend in nicely with the rest of the language. In particular o ccurrences of

v ariables under additiv e brac k ets trigger none of the problems discussed in section IV.5.2.3 : in an

expression suc h as �x : T . [[ x ]

T

+ a

2

]

T

+ a

1

, the colour of the b ound o ccurrence is automatically a sup erset

of the binding colour. Hence w e could disp ense with the additional complexit y resulting from ha ving

v ariables in colour, pro vided additiv e brac k ets w ere su�cien t for our purp oses.

Unfortunately , additiv e brac k ets are not expressiv e enough. They can nev er restrict the set of

t yping equations accessible in a sub expression, and in particular do not pro vide a w a y to enforce

that an expression is indep enden t from an y surrounding colour. Although this do es not impact the

in trinsic v alidit y of C , it do es limit p ossible applications. In the securit y in terpretation of brac k ets,

an additiv e brac k et pro vides additional privileges to the surrounding co de, whic h prohibits an y

mo delling of a , and means that an y ordinary co de called b y privileged co de w ould inherit the

privileges. In the con text of our ob jectiv e to cop e with distributed system, w e will need univ ersal

brac k ets, whic h ensure that their con ten ts is usable in an y con text: these can b e expressed natu-

rally as absolute brac k ets annotated with the empt y colour � (see section IV.6.3.1 ). This second

application motiv ates our c hoice of only including absolute brac k ets in the language (other forms

of brac k ets b eing then sup er
uous).

15

Since a is fresh, c

0

cannot con tain a .
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IV.5.3 P olymorphism

IV.5.3.1 Coloration of a t yp e

W e sa w that ho w a coloured brac k et can b e used to build a v alue of an abstract t yp e, thanks to

a suitable t yp e annotation on the brac k et. F or instance, if a is a nonce whose implemen tation is

( h int i , 3 ) et and signature �t : type . T yp t , the expression [ 3 ]

L �

1

a M

f a g

is a v alue of the abstract t yp e

L �

1

a M , whereas [ 3 ]

int

f a g

ev aluates to 3. No w consider a brac k et around a t yp e �eld: [ h int i ]

S ( h L �

1

a M i )

f a g

is the abstract t yp e �eld written more simply as h L �

1

a M i , while [ h int i ]

S ( h int i )

f a g

is equiv alen t to the

simple h int i . Another expression that migh t b e written is [ h int i ]

type

f a g

; but what do es it mean?

In an expression of the form [ h T i ]

type

c

0

, the annotation carried b y the brac k et is not su�cien t to

decide b et w een the abstract and the concrete v ersion of the t yp e T . The annotation type do es not

pro vide an y abstraction | an y abstraction w ould result from the use of an abstract t yp e (i.e., of a

nonce) in T . Rather type is here an incompletely sp eci�ed t yp e, a mere indication of the signature

of the mo dule expression rather than a full sp eci�cation of its t yp e �eld.

The expression [ h T i ]

type

c

0

denotes a t yp e �eld, the t yp e in question b eing describ ed as the t yp e

T as seen in the colour c

0

. As w e sa w in section IV.5.2.2 , the colour has a double in
uence on the

t yp e. On the one hand, it con tributes in determining whether the t yp e is w ell-formed (i.e., whether

the judgemen t B ; � `

c

T ok holds). On the other hand, it con tributes in determining the seman tics

of the t yp e, that is, whic h expressions ha v e this t yp e. F or instance, if a is the ab o v e nonce, the

t yp e L �

1

a M is w ell-formed in an y colour; in the colour a , the v alues 3 and [ 3 ]

T yp �

1

a

f a g

b oth ha v e this

t yp e, while only the latter do es in the empt y colour. In general, a larger colour mak es more t yp es

v alid

16

mak es more expressions ha v e a giv en t yp e.

W e ha v e seen a w a y to transform a t yp e in to an equiv alen t univ ersal t yp e, i.e., a t yp e that

is v alid in an y colour and, in the original colour, c haracterises the same expressions: this is the

concretisation op eration conc

B

c

0

( T ) . Ho w ev er conc

B

c

0

( T ) do es not ha v e the same seman tics in other

colours, for all it is v alid; hence [ h T i ]

type

c

0

cannot b e replaced b y h conc

B

c

0

( T ) i .

The seman tics of the expression [ h T i ]

type

c

0

is no v el: it cannot b e expressed b y previously seen

means. It is not clear whether suc h an expression should b e accepted at all. W e shall ev aluate the

pros and cons of allo wing suc h expressions. But �rst, w e need to c haracterise them precisely , whic h

w e do b y assigning kinds to t yp es.

IV.5.3.2 Kinds

W e w ould lik e to recognise t yp es that fully sp ecify v alues. Ob vious suc h t yp es are singletons: all

pure expressions ha ving a giv en singleton t yp es are essen tially equiv alen t. F ollo wing a v ery strict

in terpretation, one migh t sa y that the only fully sp eci�ed t yp es are singletons. Ho w ev er, under

extensional equiv alence, a t yp e can b e a singleton seman tically without b eing one syn tactically; for

example the t yp e S ( 3 ) � S ( 4 ) do es not con tain an y more v alues than S (( 3, 4 )) . Some t yp es ma y ev en

con tain a single v alue up to observ ational equiv alence for reasons ha ving to do with the language

as a whole, suc h as parametricit y [W ad89 ] results in ML that ensure that the only function of t yp e

8 � , � ! � (whic h w e w ould write �t : type . T yp t ! T yp t ) is the iden tit y function.

In fact, w e are trying to c haracterise the signatures that fully sp ecify the t yp e �elds that they

con tain. F or example, although the t yp e bool con tains t w o observ ationally distinguishable v alues,

w e are con ten t with bool as a sp eci�cation of a b o olean v alue: w e do not treat bool as an abstract

16

The colour has a b earing on em b edded expressions. F or instance S (( �x : T yp �

1

a . x ) 3 ) is only w ell-formed in a

colour that rev eals a .
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t yp e. W e aim to describ e a programming language, not a pro of language; as a consequence w e limit

abstraction to t yp es, and allo w the rev elation of [ true ]

bool

c

0

as true .

The paradigm of an incomplete signature is type , whic h designates an unsp eci�ed t yp e �eld.

More generally , an y t yp e con taining type in a co v arian t p osition, suc h as int � type or int !

type , is incompletely sp eci�ed. The presence of type in a con tra v arian t p osition do es not indicate

incompleteness, as sho wn for example in the constan t function t yp e �t : type . S ( V ) .

In order to formalise this notion, w e equip system C with t w o kinds . The kind o con tains fully

sp eci�ed t yp es suc h as S ( E ) , int or �t : type . T with T of kind o . A t yp e of kind o is said to

b e fully sp eci�ed or completely sp eci�ed . The kind � con tains all t yp es irregardless of their

lev el of sp eci�cation; a t yp e that do es not ha v e the kind o is said to b e partially sp eci�ed or

incompletely sp eci�ed . Kinds, written K , are equipp ed with an order relation o 6 � ; the least

upp er b ound of t w o kinds is written K

1

_ K

2

( o _ � = � ) and the greatest lo w er b ound is written

K

1

^ K

2

( o ^ � = o ). T yp e kinding comes with a v ery simple subkinding relation ship: if T has the

kind K

1

and K

1

6 K

2

then T has the kind K

2

.

It is tempting to call a fully sp eci�ed t yp e monomorphic (as opp osed to p olymorphic for

a partially sp eci�ed t yp e). Another tempting designation is concrete (vs. abstract). These termi-

nologies is sligh tly misleading out of con text (as attested b y their m ultiplicit y). In a w a y the t yp e

type is a t yp e v ariable (under whic h in terpretation o is the kind of closed t yp es), and the meaning

of its presence dep ends on ho w t yp e v ariables are quan ti�ed. If they are quan ti�ed univ ersally ,

t yp es of kind � are p olymorphic; if they are quan ti�ed existen tially , t yp es of kind � are abstract.

F or aesthetic reasons, w e will usually use the w ords \monomorphic" and \p olymorphic" (the latter

usually meaning non-monomorphic rather than just ha ving the kind � ). W e do ho w ev er w arn the

reader to tak e this terminology with a grain of salt.

T yp e kinding rules are fairly simple: type is p olymorphic, an y other constructor is monomorphic

if and only if its comp onen ts are. In particular, all base t yp es ( bool , int , etc.) other than type are

monomorphic, as are singletons. A pro duct t yp e is monomorphic if its comp onen ts are. A function

t yp e is monomorphic if its result t yp e is.

The remaining case is that of the pro jection of a t yp e �eld from an expression: when is T yp E

monomorphic? Since the t yp es T yp h T i and T are equiv alen t, T yp h T i m ust b e monomorphic if and

only if T is. Giv en the presence in our language of the dep enden t t yp e T yp E , w e need to re
ect t yp e

kinding at the expression t yping lev el. W e annotate the t yp e type with a kind annotation, writing

type

o

or type

�

: the t yp e type

K

c haracterises t yp e �elds whose con ten ts is a t yp e of kind K . F or

example h int i and h type

�

! int i ha v e the t yp e type

o

, and so do es h int � T yp x i when x has the t yp e

type

o

; whereas h type

K

i and h int ! type

o

i only ha v e the t yp e type

�

. One m ust b e careful not to

confuse the t yp e assigned to the expression with the t yp e con tained in the �eld: for example h type

�

i

is an expression con taining a t yp e �eld, whic h happ ens to b e the t yp e of arbitrary t yp e �elds (in

ML, this w ould b e a signature �eld in a mo dule, e.g., struct module type S : sig end end in

Ob jectiv e Caml). The expression h type

�

i has the momonorphic t yp e S ( h type

�

i ) , but not the t yp e

of monomorphic �elds type

o

| nor do es h type

o

i since type

o

do es not ha v e the kind o .

IV.5.3.3 Brac k ets and function application; p olymorphic functions

Reducing a sealing in tro duces a coloured brac k et during ev aluation. The t yp e on this brac k et is

pro duced b y the sel��cation op eration, whic h creates a monomorphic t yp e. This is the cen tral p oin t

of sel��cation: the t yp e on a sealing is usually incompletely sp eci�ed, and sel��cation completes the

sel��cation, b y replacing the unsp eci�ed parts b y pro jections of the new name. When a coloured

brac k et is pushed inside a data structure, the monomorphic nature of the t yp e annotations is pre-

serv ed | all the terms b eing manipulated ha v e monomorphic brac k ets (as opp osed to p olymorphic
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brac k ets whose t yp e annotation is partially sp eci�ed). One asp ect of brac k et pushing in system C

remains to b e describ ed ho w ev er, namely pushing brac k ets inside a function.

Consider the expression [ �x : T

2

. E ]

�x : T

0

.

P

T

1

c

0

in some am bien t colour c . In order for it to b e

w ell-t yp ed, T

2

m ust b e a subt yp e of T

0

and E m ust ha v e the t yp e T

1

in the colour c

0

. When

this expression is applied to an argumen t V of t yp e T

0

, the result m ust b e that of b eta-reduction

f x  V g E , with an y necessary coloured brac k ets thro wn in. Let us study ho w to manage brac k ets

during ev aluation.

W e announced in section IV.5.2.3 that b eta-reduction w ould remain unadorned, whic h forces us

to rule on the the fate of brac k ets as so on as they are pushed under the lam b da. This do es not

constrain our latitude regarding the c hoice of seman tics: w e are e�ectiv ely giving a sym b olic name

x to the e�ectiv e argumen t (as w ell as the outer colour c , whic h is the colour of the argumen t). The

question is therefore ho w to reduce [ �x : T

2

. E ]

�x : T

0

.

P

T

1

c

0

.

The most ob vious target uses coloured brac k ets b oth around the b o dy of the function (to mark

the b order on exit from the function) and around eac h o ccurrence of the parameter (to mark the

b order when en tering the function). The argumen t m ust also b e protected in the return t yp e.

[ �z : T

2

. E ]

�y : T

0

.

P

T

1

c

0

� !

c

�x : T

0

. [ f z  

f x g

[ x ]

T

0

c [ f x g

g E ]

f y  

f x g

[ x ]

T

0

c [ f x g

g T

1

c

0

(ered.col.fun.P-POL Y)

The brac k et around the parameter x in the function b o dy and in the return t yp e m ust allo w x

to b e used inside, hence the colour annotating the brac k et m ust con tain x (adding c as w ell is

tec hnically useless since x automatically brings in the colour of the binding c ). The c hoice of what

t yp e annotation to put on this brac k et is not so ob vious. W e kno w that E and T

1

are w ell-t yp ed as

so on as their v ariable has the t yp e T

0

(note that T

2

is a subt yp e of T

0

); T

0

is v alid in c giv en the

annotation on the brac k et in the redex, therefore T

0

is a p ossible c hoice.

Nothing ho w ev er requires T

0

to b e monomorphic, ev en if �y : T

0

.

P

T

1

is. Therefore this rule

in tro duces brac k ets carrying p olymorphic t yp e annotations. In fact, for T

0

to b e partially sp eci�ed

means that the function �z : T

0

. E is a p olymorphic function

17

. This terminology follo ws that

of ML: in ML, a p olymorphic function has a t yp e sc heme 8 � , T

0

! T

1

, whic h corresp onds in our

dep enden tly t yp ed system to �t : type

o

. T

0

! T

1

(with T yp t corresp onding to � ).

If w e w an t to adopt brac k et pushing in to functions as stated ab o v e, w e m ust accept p olymorphic

brac k ets. Let us no w study these further, in the ligh t of ho w they can app ear. W e will then lo ok

for a w a y of a v oiding them.

IV.5.3.4 P olymorphic t yp es and v alues

W e still assume that brac k et pushing in to functions happ ens according to the rule (ered.col.fun.P-POL Y)

from section IV.5.3.3 . P olymorphic brac k ets result from applying a p olymorphic function inside a

colour other than its colour of de�nition: a brac k et [ E ]

type

o

c

0

app ears when applying a function

[ f ]

�t : type

o

. T

1

c

0

. Let us �rst lo ok at a v ery simple example: the iden tit y function on the t yp e type

o

,

published from c

0

under the t yp e �t : type

o

. S ( t ) .

�

[ �t : type

o

. t ]

�t : type

o

. S ( t )

c

0

�

h int i � !

c

 

�t : type

o

. [[ t ]

type

o

c [ f t g

]

S ([ t ]

type

o

c [ f t g

)

c

0

!

h int i

� !

c

[[ h int i ]

type

o

c

]

S ([ h int i ]

type

o

c

)

c

0

17

This is a case of the strong connection b et w een partial sp eci�cation and p olymorphism when the v ariable is

univ ersally quan ti�ed that w e men tioned in section IV.5.3.2 .
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In this case, the �nal v alue is [ h int i ]

type

o

c

| the iden tit y function returns its argumen t protected

b y a spurious brac k et annotated b y the am bien t colour.

Let us no w examine the p olymorphic iden tit y function �t : type

o

. �x : T yp t . x published from

c

0

under the t yp e �t : type

o

. T yp t ! T yp t .

�

[ �t : type

o

. �x : T yp t . x ]

�t : type

o

. T yp t ! T yp t

c

0

�

h int i 3

� !

c

 

�t : type

o

. [ �x : T yp [ t ]

type

o

c [ f t g

. x ]

T yp [ t ]

type

o

c [ f t g

! T yp [ t ]

type

o

c [ f t g

c

0

!

h int i 3

� !

c

[ �x : T yp [ h int i ]

type

o

c

. x ]

T yp [ h int i ]

type

o

c

! T yp [ h int i ]

type

o

c

c

0

3

� !

c

�

�x : T yp [ h int i ]

type

o

c

. [[ x ]

T yp [ h int i ]

type

o

c

c [ f x g

]

T yp [ h int i ]

type

o

c

c

0

�

3

� !

c

[[ 3 ]

T yp [ h int i ]

type

o

c

c

]

T yp [ h int i ]

type

o

c

c

0

The argumen t 3 is no w surrounder b y t w o brac k ets. The inner brac k et places the v alue in to the

colour c

0

with a p olymorphic v alue; the outer brac k et, in spite of its similar app earance, has a

di�ernet r^ ole as the seemingly p olymorphic t yp e T yp [ h int i ]

type

o

c

is in fact monomorphic in the

outside colour c .

In order to generalise up on these examples, a few concepts are w orth noting. A brac k et [ h T i ]

type

o

c

is a p olymorphic t yp e parameter for a function. A brac k et [ V ]

T yp [ h T i ]

type

o

c

c

is a p olymorphic

v alue . A p olymorphic v alue has no apparen t structure, since it is protected b y a brac k et (whic h

cannot b e reduced a w a y since its t yp e annotation itself has no apparen t structure). The b o dy of

the function is unable to manipulate p olymorphic v alues in a w a y other than p olymorphic. This

approac h should w ork to mo del parametrically p olymorphic languages suc h as ML. Ho w ev er it is

problematic in a non-parametric language with generics or dynamic t yp e-c hec king (whic h w e will

in tro duce in system D ).

W e shall not go an y further along the lines of studying p olymorphic v alues. It remains to b e

seen ho w to reduce p olymorphic brac k ets. In particular, ho w can the p olymorphic iden tit y function

return its argumen t with no sup er
uous brac k et? (Note that the argumen t passes through the

colour c

0

; ho w can w e mak e sure that this passage is harmless?)

IV.5.3.5 Colour fusion

W e presen t a solution to the problem of managing brac k ets around p olymorphic function calls. This

solution lac ks expressivit y and �nesse, but remains attractiv e in a certain ligh t | not least b ecause

of its simplicit y . The idea is to merge the colour of the argumen t with the colour of the function

b o dy .

[ �x : T

2

. E ]

�x : T

0

.

P

T

1

c

0

� !

c

�x : T

0

. [ E ]

T

1

c

0

[ f x g

( C /ered.col.fun.P )

W e abandon an y though t of protecting the argumen t: all t yp e equations required to t yp e the

argumen t are allo w ed when executing the function. This rule is v ery simple, tec hnically sp eaking:

one brac k et turns in to one brac k et, with a smaller t yp e annotation and smaller con ten ts.

This rule enjo ys a certain symmetry: applying [ �x : T

2

. E ]

�x : T

0

.

P

T

1

c

0

to an argumen t V yields

[ f x  

c

V g E ]

f x  

c

V g T

1

c [ c

0
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so that the computations are simply p erformed in the union of the colours of the expressions that

come in to con tact ( V and E )

Let us c hec k the result of an application of the p olymorphic iden tit y function using this rule.

�

[ �t : type

o

. �x : T yp t . x ]

�t : type

o

. T yp t ! T yp t

c

0

�

h int i 3

� !

c

�

�t : type

o

. [ �x : T yp t . x ]

T yp t ! T yp t

c

0

[ f t g

�

h int i 3

� !

c

[ �x : T yp h int i . x ]

T yp h int i! T yp h int i

c [ c

0

3

� !

c

�

�x : T yp h int i . [ x ]

T yp h int i

c [ c

0

[ f x g

�

3

� !

c

[ 3 ]

T yp h int i

c [ c

0

� !

c

[ 3 ]

int

c [ c

0

� !

c

3

In our study of system C , w e will retain this fusion form ulation of brac k et pushing around a

function.

IV.5.3.6 Generativ e functors

W e sa w in section IV.5.1.5 that sel��cation do es not a�ect generativ e functors. Since sel��cation

pro duces a t yp e that is mean t to annotate a coloured brac k et (as it is used in ( C /ered.seal) ), the

resulting t yp e m ust b e monomorphic. Therefore a generativ e functor t yp e �x : T

0

.

I

T

1

m ust b e

monomorphic ev en if T

1

is p olymorphic

18

.

W e ha v e stated a rule ( C /ered.col.fun.P) to push coloured brac k ets b earing an applicativ e functor

t yp e. The transp osition to a generativ e functor t yp e is not straigh tforw ard. A naiv e prop osal w ould

b e

[ �x : T

2

. E ]

�x : T

0

.

I

T

1

c

0

� !

c

�x : T

0

. [ E ]

T

1

c

0

[ f x g

Ho w ev er T

1

ma y b e p olymorphic, in whic h case the righ t-hand side is ill-t yp ed. In tuitiv ely ,

the rule ab o v e cannot b e suitable b ecause the left-hand side is a generativ e functor, whose ev ery

application triggers the creation of a new nonce, whereas this asp ect is simply not presen t in the

righ t-hand side.

Nonces are generated b y the reduction rule ( C /ered.seal ) for sealing expressions. Let us therefore

in tro duce a sealing in the righ t-hand side. W e ma y attempt to place the sealing inside or outside

the coloured brac k ets:

[ �x : T

2

. E ]

�x : T

0

.

I

T

1

c

0

� !

c

�x : T

0

. ([ E ]

T

1

c

0

[ f x g

!! T

1

)

[ �x : T

2

. E ]

�x : T

0

.

I

T

1

c

0

� !

c

�x : T

0

. [ E !! T

1

]

T

1

c

0

[ f x g

In b oth cases, although the in tuitiv e b eha viour is acceptable, formal correction is lac king, as the

t yp e annotation on the coloured brac k et ma y still b e p olymorphic. Ho w ev er this is a b enign form

of ill t yping, as reduction will c hange the t yp e in to a monomorphic one b efore the coloured brac k et

is reduced.

A sealing construct expresses a static b order b et w een abstraction domains, whereas a coloured

brac k et is a dynamic b order. W e ha v e here a b order that is b oth static and dynamic. W e will note

it b y a coloured sealing , written E !!

c

0

T . This sealing acts lik e normal sealing, except that it giv es

the expression E the additional kno wledge of abstract t yp es designated b y c

0

. A coloured sealing

18

In a w a y a generativ e functor t yp e is amorphous: it is not y et fully sp eci�ed, but will giv e rise to a monomorphic

t yp e when the functor is applied.
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therefore includes the e�ect of an additiv e brac k et (see section IV.5.2.4 ). A normal sealing is the

sp ecial case where the coloured sealing adds no extra kno wledge: E !! T = E !!

�

T .

Pushing a coloured brac k et b earing a generativ e functor t yp e shall pro duce a coloured sealing:

[ �x : T

2

. E ]

�x : T

0

.

P

T

1

c

0

� !

c

�x : T

0

. ( E !!

c

0

T

1

) ( C /ered.col.fun.I )

Note that thanks to the additivit y of c

0

w e do not need to include x , in con trast with ( C /ered.col.fun.P ) .

A coloured sealing is reduced b y the rule ( C /ered.seal) whic h w e can �nally state in its full glory:

( C /ered.seal )

B ` V !!

c

0

T � !

c

B , a = V :

c [ c

0

T ` [ V ]

self

T

( a )

c [ c

0

[ f a g

IV.5.4 Ev aluation

IV.5.4.1 Syn tax

The syn tax of system C extends system E with t w o new constructs that should not app ear in source

programs: abstract t yp es and coloured brac k ets. F urthermore the signature type no w carries a

kind annotation, and sealing no w carries a colour annotation (the notation E !! T is k ept as an

abbreviation for E !!

�

T ).

K ::= kind

o monomorphic (fully sp eci�ed)

� p olymorphic (partially sp eci�ed)

T ::= t yp e

. . .

type

K

abstract t yp e �eld

L A M abstract t yp e

E ::= expression

. . .

E !!

c

T sealed and coloured mo dule

[ E ]

T

c

coloured brac k et

A ::= mo dule comp onen t

a nonce

A E application

�

i

A pro jection ( i 2 f 1, 2 g )

� ::= primary colour

a nonce

x v ariable

c ::= colour

� empt y colour (also written fg )

f a

1

, . . . , a

k

, x

1

, . . . , x

k

g �nite set of primary colours

Recall that kinds are equipp ed with an order relation, written K

1

6 K

2

, suc h that o 6 � . W e

write K

1

_ K

2

for the least upp er b ound of K

1

and K

2

, and K

1

^ K

2

for their greatest lo w er b ound.

If A is a mo dule comp onen t, its underlying nonce underl ( A ) is formally de�ned as follo ws:
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underl ( a ) = a

underl ( A E ) = underl ( A )

underl ( �

i

A ) = underl ( A )

Rev elation of a mo dule comp onen t is de�ned as follo ws:

rev eal

B

( a ) = E where a = E :

c

T 2 B

rev eal

B

( A E ) = ( rev eal

B

( A )) E

rev eal

B

( �

i

A ) = �

i

( rev eal

B

( A ))

T yping judgemen ts no w carry a lexis and a colour. Additional righ t-hand sides to those in system

E are colour transparency , rev elation of a mo dule comp onen t and con v ersion and con v ertibilit y for

comp onen ts.

J ::= t yping judgemen t

B ; � `

c

J lo cal judgemen t

J ::= lo cal judgemen t righ t-hand side

. . .

T : K t yp e kinding (generalising T ok )

c

0

transpa rent colour transparency

A . E : T comp onen t rev elation

A � ! A

0

comp onen t con v ersion

A � A

0

con v ertibilit y equiv alence on comp onen ts

W e write � transpa rent for f � g transpa rent .

En vironmen ts no w con tain colour annotations. W e also state the syn tax of lexes.

B ::= lexis

nil empt y

B , a = E :

c

0

T nonce a with implemen ted b y E with the signature T

� ::= en vironnemen t

nil empt y

� , x :

c

T binding of the v ariable x

F ollo wing the de�nition for en vironmen ts, the domain of a lexis B , i.e., the set of nonces that it

records, is written dom B .

Since colours ma y con tain v ariables, they are a�ected b y substitutions. A substitution sp eci�es

b oth an expression and a colour to replace the v ariable with. The substitution of E for x under c

in @ is written f x  

c

E g@ .

IV.5.4.2 V alues and abstract comp onen ts

Brac k ets and v alues As in ha t , the set of v alues dep ends on the am bien t colour. W e �rst de�ne

a grammatical notion of quasi-value , whic h is a v alue with some p ossibly-eliminatable brac k ets. In

addition to the v alues of system E (whic h are the same as in system B ), coloured brac k ets ma y

app ear in quasi-v alues and (with restrictions) in v alues. In order for an expression of the form [ V ]

T

c

0

to b e a v alue, V m ust b e a v alue (in the colour c

0

), and T m ust ha v e an appropriate form. If T has

apparen t structure, the brac k et pushing rules allo w [ V ]

T

c

0

to b e reduced. The only case where [ V ]

T

c

0

ma y b e a v alue is when T is an abstract t yp e L A M . Ev en then, [ V ]

L A M

c

0

ma y b e reducible in some

colours.
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Quasi-v alues The language of quasi-v alues in system C is a sup ergrammar of the one for B ,

with brac k ets carrying an abstract t yp e annotation thro wn in. The abstract t yp e annotation m ust

itself b e in a reduced form, called comp onen t v alue , where functor argumen ts are all v alues.

V ::= quasi-v alue

. . .

[ V ]

L A

V

M

c

0

p oten tially abstraction-making coloured brac k et

A

V

::= comp onen t v alue

a nonce

A

V

V application to a quasi-v alue

�

i

A

V

pro jection ( i 2 f 1, 2 g )

Irreducioble coloured brac k ets A quasi-v alue of the form [ V ]

L A

V

M

c

0

is only a v alue if the brac k et

cannot b e eliminated. In tuitiv ely a coloured brac k et is indisp ensible only if it actually creates

abstraction, whic h translates as the requiremen t that the underlying nonce of A

V

m ust b e opaque

in the am bien t colour y et transparen t in the inside colour c

0

. W e will analyse the b eha viour of a

coloured brac k et expression according to the transparency of the underlying nonce when presen ting

brac k et elimiation rules in section IV.5.4.2 .

V alues and abstract comp onen ts The set of v alues dep ends on the am bien t colour: w e write

V

c

for a v alue in the colour c . The set of v alues is describ ed as a family of grammars parametrised

b y a colour; it is a subset of quasi-v alues. In order for a quasi-v alue [ V ]

L A

V

M

c

0

to b e a v alue, the brac k et

m ust b e indisp ensible in the sense describ ed ab o v e, and the quasi-v alues in A

V

m ust themselv es b e

v alues in the appropriate colour.

V

c

::= v alue in c

()

�

�

bv

�

�

n constan t

h T i t yp e �eld

( V

c

1

, V

c

2

) pair

�x : T . E lam b da-abstraction

[ V

c

0

]

L A

V

c \ c

0

M

c

0

coloured brac k et, if A

V

c \ c

0

is abstract in c but concrete in c

0

A

V

c

::= abstract comp onen t in c

a nonce, if opaque in c

A

V

c

V

c

application of a functor to a v alue

�

i

A

V

c

pro jection ( i 2 f 1, 2 g )

Strictly sp eaking, since transparency of a nonce is a seman tic v alue dep ending on a lexis and an

en vironmen t, the notions of v alues and abstract comp onen ts should b e indexed b y a lexis and an

en vironmen t. In practice the lexis and en vironmen ts will alw a ys b e clear from con text, so w e omit

them.

IV.5.4.3 B ` E � !

c

B

0

` E

0

Reduction

Ev aluatin con texts W e reduce expressions under brac k ets. Although brac k ets are initially in-

tro duced around v alues, this prop ert y is not preserv ed b y reduction; sp eci�cally , pushing a brac k et

inside a function b o dy results in a brac k et surrounding an arbitrary expression. When the t yp e

annotation on a brac k et is the t yp e �eld of a mo dule, the mo dule expression m ust also b e reduced.
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C ::= ev aluation con text (of depth 1 )

. . .

!!

c

1

T sealing

[ ]

T

c

1

coloured brac k et

[ V

c

1

]

T yp

c

1

t yp e �eld on a brac k et

F ormally sp eaking, the set of ev aluation con texts, lik e v alues, dep ends on a lexis and an en vi-

ronmen t. In the con text [ ]

T

c

1

, the expression inside is reduced in the colour c

1

. In the con text

[ V

c

1

]

T yp

c

1

, the expression inside is reduced in the colour c \ c

1

(the in tersection of the colours

outside and inside the b order up on whic h the expression lies).

Computational rules System C inherits the rules that w ere already presen t in B , viz., ( C /ered.app ) ,

( C /ered.p roj ) , ( C /ered.let) , ( C /ered.context) . These rules can b e used in an y colour and an y lexis; the

colour is added to substitution when required. V alues are also considered in their am bien t colour.

Reduction inside con texts happ ens in the inside colour of the con text. App ending A lists all the

rules of system C , included the inherited rules.

The rule for reducing a sealing is mo di�ed to surround the v alue with a coloured brac k et, and

to tak e the colour annotation on the sealing in to accoun t.

B ` V

c [ c

0

!!

c

0

T � !

c

B , a = V

c [ c

0

:

c [ c

0

T ` [ V

c [ c

0

]

self

T

( a )

c [ c

0

[ f a g

( C /ered.seal )

where a is fresh (i.e., a =2 dom B )

Reductions in t yp es Un til system E , t yp es con tained in expressions did not in
uence reduction.

This is no longer the case in system C , since the reduction of a coloured brac k et dep ends on the t yp e

annotation carried b y the brac k et, sp eci�cally on the head constructor on this t yp e. Nonetheless

our computational needs on t yp es are small enough | w e only need to reac h a w eak head normal

form, and only in a single con text within expressions, so w e do not need to in tro duce a reduction

on t yp es. The only destructor in the syn tax of t yp es is T yp ; its argumen t can b e reduced via the

con text [ V

c

1

]

T yp

c

1

, after whic h the destructor can b e eliminated with ( C /ered.colT yp) .

[ V

c

0

]

T yp h T i

c

0

� !

c

[ V

c

0

]

T

c

0

( C /ered.colT yp )

Abstract t yp es are p eculiar, as L A M is in w eak head normal form if and only if the underlying

nonce is opaque, but m ust b e rev ealed if it is transparen t.

B ` [ V

c

0

]

L A M

c

0

� !

c

B ` [ V

c

0

]

T yp rev eal

B

( A )

c

0

( C /ered.colAbs )

if underl ( A ) 2 c \ c

0

Brac k et pushing When a brac k et surrounds a v alue, and the t yp e annotation on the brac k et is

not an abstract t yp e, the brac k et is pushed inside a v alue. The brac k et pushing rules mostly follo w

the same principle as in ha t (see sections I I I.1.2.2 and I I I.2.5). The selection of the brac k et pushing

rule relies on the t yp e that is apparen t on the brac k et (sp eci�cally its head constructor); the e�ect
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on the expression is to push the brac k et inside the constructor for this t yp e.

[()]

unit

c

0

� !

c

() ( C /ered.col.base.unit )

[ bv ]

bool

c

0

� !

c

bv ( C /ered.col.base.b o ol )

[ n ]

int

c

0

� !

c

n ( C /ered.col.base.int)

[ V

c

0

]

S ( E )

c

0

� !

c

E ( C /ered.col.sing)

[( V

c

0

1

, V

c

0

2

)]

�x : T

1

. T

2

c

0

� !

c

([ V

c

0

1

]

T

1

c

0

, [ V

c

0

2

]

f x  

c

[ V

c

0

1

]

T

1

c

0

g T

2

c

0

) ( C /ered.col.pair)

In the case of functions, w e adopt the colour fusion rule explained in section IV.5.3.5 . In the

case of a generativ e functor, new t yp es m ust b e created whenev er the functor is applied, so w e add a

sealing to the b o dy of the functor; the colour annotation on the sealing pla ys the role of a coloured

brac k et.

[ �x : T

2

. E ]

�x : T

0

.

P

T

1

c

0

� !

c

�x : T

0

. [ E ]

T

1

c

0

[ f x g

( C /ered.col.fun.P )

[ �x : T

2

. E ]

�x : T

0

.

I

T

1

c

0

� !

c

�x : T

0

. ( E !!

c

0

[ f x g

T

1

) ( C /ered.col.fun.I )

When a brac k et immediately surrounds another brac k et and neither brac k et can b e reduced

b y one of the already men tioned pushing rules, i.e., giv en an expression of the form [[ V

c

2

]

L A

2

M

c

2

]

L A

1

M

c

1

where [ V

c

2

]

L A

2

M

c

2

is a v alue, there are three p ossible b eha viours.

� If the annotation on the outer brac k et mak es it simpl�able, the outer brac k et disapp ears.

In ha t , this is p erformed b y ( H /ered.col.le ) . Here the rule ( C /ered.colAbs ) is used, follo w ed b y

computations on the rev ealed expression in the t yp e annotation and p ossibly later brac k et

pushing.

� If the annotation on the outer brac k et is abstract outside but concrete inside, the expression

is a v alue.

� The remaining case is when the annotation on the outer brac k et is abstract outside as w ell as

inside. In ha t , t yping ensures that A

1

and A

2

are equal, and the outer brac k et is erased b y

the rule ( H /ered.col.col) .

In our presen t systems, whic h includes functors and colours with non-trivial in tersections, the

situation is more complex. A new p ossibilit y arises that A

1

= a

1

V

1

and A

2

= a

2

V

2

; then t yping

ensures that (as in ha t ) a

1

= a

2

, but the argumen ts are only kno wn to b e equiv alen t in the

in termediate colour c

1

. The argumen ts ma y not b e equiv alen t in c , so c

1

is (sometimes) an obligatory

in termediate. W e state a w eak er rule, whic h (as in function application) merges the colours in pla y .

[[ V

c

2

]

L A

2

M

c

2

]

L A

1

M

c

1

� !

c

[ V

c

2

]

L A

1

M

c

1

[ c

2

( C /ered.col.merge )

if A

1

et A

2

are b oth opaque in c

1

but A

2

is concrete in c

2

IV.5.5 T yping

The t yp e system of system C inherits from that of E , but all rules m ust b e mo di�ed to add lexes and

colours. F or most rules, this mo di�cation is done mec hanically b y p ermitting an arbitrary lexis and

colour. Eac h judgemen t � ` J b ecomes B ; � `

c

J . When a v ariable is b ound b y the en vironmen t,

it m ust b e added to the colour: � , x : T ` J b ecomes B ; � , x :

c

T `

c [ f x g

J . Substitutions m ust also

b e decorated with the appropriate colours. T ypical examples are giv en b y the rules ( C /et.fun) et

( C /et.app) giv en b elo w:
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B ; � , x :

c

T

0

`

c [ f x g

E :




T

1

( C /et.fun)

B ; � `

c

�x : T

0

. E :

P

�x : T

0

.




T

1

B ; � `

c

E

1

:




1

�x : T

0

.




2

T B ; � `

c

E

0

:

P

T

0

( C /et.app )

B ; � `

c

E

1

E

0

:




1

t 


2

f x  

c

E

0

g T

In addition to the addition of colours, t yp e correction judgemen ts T ok no w b ecome t yp e kinding

judgemen ts T : � . Con texts that required an expression of t yp e type no w require type

�

. The

complete list of adapted rules is the follo wing:

� all con v ersion, con v ertibilit y and subt yping rules: ( C /econv.cong.fun.a rg ) , ( C /econv.cong.fun.b o dy ) ,

( C /econv.cong.app.fun ) , ( C /econv.cong.app.a rg ) , ( C /econv.cong.pair.1 ) , ( C /econv.cong.pair.2 ) ,

( C /econv.cong.�eld ) , ( C /econv.cong.p roj ) , ( C /econv.app ) , ( C /econv.p roj ) , ( C /econv.eta.�eld) , ( C /econv.eta.fun ) ,

( C /econv.eta.pair) , ( C /tconv.cong.pair.1 ) , ( C /tconv.cong.pair.2 ) , ( C /tconv.cong.fun.a rg ) , ( C /tconv.cong.fun.ret ) ,

( C /tconv.cong.sing ) , ( C /tconv.cong.�eld) , ( C /tconv.�eld) , ( C /tconv.unit ) , ( C /eeq.re
 ) , ( C /eeq.sym ) ,

( C /eeq.trans) , ( C /eeq.conv ) , ( C /teq.re
) , ( C /teq.sym ) , ( C /teq.trans) , ( C /teq.conv) , ( C /tsub.trans) , ( C /tsub.eq) ,

( C /tsub.cong.fun) , ( C /tsub.cong.pair) , ( C /tsub.sing) ;

� most expression t yping rules: ( C /et.base.unit ) , ( C /et.base.b o ol ) , ( C /et.base.int) , ( C /et.fun) , ( C /et.app) ,

( C /et.pair ) , ( C /et.p roj.1 ) , ( C /et.p roj.2 ) , ( C /et.let) , ( C /et.sub) , ( C /et.sing) .

App endix A con tains a complete list of the rules of system C in their �nal form, including inherited

rules.

IV.5.5.1 B ; � `

c

ok En vironmen t formation

W e describ e ho w to build lexes, en vironmen ts and colours. These comp onen ts are built from

left to righ t, b oth inside lexes and en vironmen ts (whic h are built binding b y binding from left to

righ t) and in that the lexis is built �rst, then the en vironmen t, then the colour.

Lexis and en vironmen t v alidit y follo w a similar principle: all en tered information m ust b e c hec k ed

for v alidit y , and a fresh name m ust b e used to lab el eac h binding. Note that the colour of a lexis

binding ma y include previous nonces, while that of an en vironmen t binding ma y use an y nonce in

the lexis as w ell as previous v ariables.

( C /envok.nil )

nil ; nil `

�

ok

B ; nil `

c

0

E :

P

T when a =2 dom B

( C /envok.a)

B , a = E :

c

0

T ; nil `

�

ok

B ; � `

c

T : � when x =2 dom �

( C /envok.x)

B ; � , x :

c

T `

�

ok

A colour ma y con tain nonces and v ariables tak en resp ectiv ely from the lexis and the en vironmen t.

As a colour is an unordered set, there is no constrain t on the order in whic h a colour is built (other

than the v alidit y of in termediate colours when adding a nonce). Nonces ma y only b e added to the

colour if their dep endencies are already presen t (or otherwise transparen t), while v ariables ma y b e

added at an y time | see section IV.5.2.3 and the transparency rules b elo w).

B ; � `

c

0

ok when a = E :

c

0

T 2 B ^ c

0

� c

0

( C /envok.c.a)

B ; � `

c

0

[ f a g

ok

B ; � `

c

0

ok when x :

c

0

T 2 �

( C /envok.c.x )

B ; � `

c

0

[ f x g

ok

IV.5.5.2 B ; � `

c

T : K T yp e kinding

T yp e kinding rules re�ne the t yp e correction rules of system E . Adding colours is straigh tforw ard.
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As discussed in section IV.5.3.6 , a generativ e functor is alw a ys monomorphic (whereas an applicativ e

functor has the same kind as its result t yp e); the rule ( E /tok.fun) is split to treat eac h case correctly .

B ; � `

c

ok

( C /tok.base.b o ol)

B ; � `

c

bool : o

B ; � `

c

ok

( C /tok.base.int )

B ; � `

c

int : o

B ; � `

c

ok

( C /tok.base.unit )

B ; � `

c

unit : o

B ; � `

c

E :

P

type

K

( C /tok.�eld)

B ; � `

c

T yp E : K

B ; � `

c

T

0

: K

0

B ; � , x :

c

T

0

`

c [ f x g

T

00

: K

00

( C /tok.fun.P )

B ; � `

c

�x : T

0

.

P

T

00

: K

00

B ; � `

c

T

0

: K

0

B ; � , x :

c

T

0

`

c [ f x g

T

00

: K

00

( C /tok.fun.I )

B ; � `

c

�x : T

0

.

I

T

00

: o

B ; � `

c

T

0

: K

0

B ; � , x :

c

T

0

`

c [ f x g

T

00

: K

00

( C /tok.pair )

B ; � `

c

�x : T

0

. T

00

: K

0

_ K

00

B ; � `

c

ok

( C /tok.t yp e)

B ; � `

c

type

K

: �

B ; � `

c

E :

P

T

( C /tok.sing )

B ; � `

c

S ( E ) : o

An extra rule indicates that an y monomorphic t yp e is also p olymorphic. Similarly a t yp e �eld

con taining a monomorphic t yp e can b e seen as a t yp e �eld con taining a p olymorphic t yp e, so the

t yp e of the formed is a subt yp e of the t yp e of the latter.

B ; � `

c

T : K

0

when K

0

6 K

( C /tok.sub )

B ; � `

c

T : K

B ; � `

c

ok when K

1

6 K

2

( C /tsub.cong.t yp e )

B ; � `

c

type

K

1

< : type

K

2

Let us also state the rule for forming a t yp e �eld, whic h is also mo di�ed to accoun t for kinding.

B ; � `

c

T : K

( C /et.t yp e )

B ; � `

c

h T i :

P

type

K

IV.5.5.3 B ; � `

c

c

0

transpa rent Colour transparency

A primary colour (nonce or v ariable) can b e transparen t if it is directly presen t in the am bien t

colour. It can also b e transparen t if it is indirectly made so, via a v ariable that is presen t in

the am bien t colour and whose colour of de�nition mak es the primary colour under consideration

transparen t.

B ; � `

c

ok when � 2 c

( C /vis.in )

B ; � `

c

� transpa rent

B ; � `

c

ok B ; �

0

`

c

0

� transpa rent when � = ( �

0

, x :

c

0

T , �

1

) ^ x 2 c

( C /vis.env)

B ; � `

c

� transpa rent

A colour is transparen t if and only if all of its elemen ts are transparen t.

B ; � `

c

ok

( C /vis.o )

B ; � `

c

� transpa rent

B ; � `

c

c

1

transpa rent B ; � `

c

c

2

transpa rent

( C /vis.union)

B ; � `

c

c

1

[ c

2

transpa rent

Nonce transparency is used in ( C /tconv.abs ) to justify rev ealing it. Colour transparency is used in

sev eral rules ( ( C /ac.a ) , ( C /et.x ) ) to express the transparency of the dep endencies of a primary colour.

IV.5.5.4 B ; � `

c

A . E : T ; ... Mo dule comp onen ts

Rev elation judgemen ts B ; � `

c

A . E : T assign t w o pieces of information to a comp onen t A : the
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expression E to whic h it is rev ealed, and the apparen t signature T mec hanically deriv ed from the

signature of the underlying nonce in the lexis. The structure of the rev elation deriv ation follo ws

that of this signature.

B ; � `

c

c

0

transpa rent when a = E :

c

0

T 2 B

( C /ac.a)

B ; � `

c

a . E : T

B ; � `

c

A . E : �x : T

1

. T

2

( C /ac.p roj.1 )

B ; � `

c

�

1

A . �

1

E : T

1

B ; � `

c

E

1

:

P

S ( �

1

E ) B ; � `

c

A . E : �x : T

1

. T

2

( C /ac.p roj.2 )

B ; � `

c

�

2

A . �

2

E : f x  

c

E

1

g T

2

B ; � `

c

A . E : �x : T

0

.

P

T

1

B ; � `

c

E

0

:

P

T

0

( C /ac.app )

B ; � `

c

A E

0

. E E

0

: f x  

c

E

0

g T

1

When a comp onen t has the apparen t signature type

K

, it can b e used to form an abstract

t yp e. If the underlying nonce is transparen t, this abstract t yp e can b e con v erted to the rev ealed

represen tation.

B ; � `

c

A . E : type

K

( C /tok.abs )

B ; � `

c

L A M : K

B ; � `

c

A . E : type

K

B ; � `

c

underl ( A ) transpa rent

( C /tconv.abs )

B ; � `

c

L A M � ! T yp E

A comp onen t is almost inert: the only con v ersion that migh t signi�can tly a�ect it is its rev ela-

tion. Con text rules are ho w ev er needed to enable con v ersion of em b edded expressions.

B ; � `

c

E

0

� ! E

0

0

B ; � `

c

E

0

:

P

T

0

B ; � `

c

A . E : �x : T

0

.

P

T

1

( C /aconv.cong.app.a rg )

B ; � `

c

A E

0

� ! A E

0

0

B ; � `

c

A � ! A

0

B ; � `

c

A . E : �x : T

0

.

P

T

1

B ; � `

c

E

0

:

P

T

0

( C /aconv.cong.app.fun )

B ; � `

c

A E

0

� ! A

0

E

0

B ; � `

c

A � ! A

0

B ; � `

c

A . E : �x : T

1

. T

2

( C /aconv.cong.p roj )

B ; � `

c

�

i

A � ! �

i

A

B ; � `

c

A � ! A

0

B ; � `

c

A . E : type

K

( C /tconv.cong.abs )

B ; � `

c

L A M � ! L A

0

M

Con v ertibilit y equiv alence for comp onen ts follo ws the same mo del as for t yp es and expressions,

with four rules ( C /aeq.re
 ) , ( C /aeq.sym) , ( C /aeq.trans) and ( C /aeq.conv ) follo wing the mo del of (teq.*) and

(eeq.*) .

IV.5.5.5 B ; � `

c

E :




T Coloration of expressions

The rule for t yping v ariables con tains a no v el side condition whic h requires the transparency of

the v ariable in the am bien t colour. This ensures that the dep endencies of the v ariable k eep b eing

presen t if the am bien t colour is w eak ened.

B ; � `

c

x transpa rent when x :

c

0

T 2 �

( C /et.x)

B ; � `

c

x :

P

T

Coloured brac k ets surround an expression with a di�eren t colour from its surroundings. The

t yp e annotation m ust b e v alid b oth in b oth the outer and inner colours, for whic h w e use the

in tersection of the t w o colours.

B ; � `

c

0

E :




T B ; � `

c \ c

0

T : o B ; � `

c

ok

( C /et.col)

B ; � `

c

[ E ]

T

c

0

:




T
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The sealing t yping rule tak es the colour annotation in to accoun t. The colour is added when

t yping the b o dy of the mo dule.

B ; � `

c [ c

0

E :




T B ; � `

c

T : �

( C /et.seal)

B ; � `

c

( E !!

c

0

T ) :

I

T

IV.5.5.6 B ; � `

c

E � ! E

0

Con v ersion and coloured brac k ets

New con v ersion rules re
ect the new reduction rules concerning brac k ets: new reduction con-

texts, and brac k et pushing rules.

B ; � `

c

0

E � ! E

0

B ; � `

c

0

E :

P

T B ; � `

c \ c

0

T : o B ; � `

c

ok

( C /econv.cong.col.e )

B ; � `

c

[ E ]

T

c

0

� ! [ E

0

]

T

c

0

B ; � `

c

0

E :

P

T

1

B ; � `

c \ c

0

T

1

� ! T

2

B ; � `

c \ c

0

T

1

: o B ; � `

c

ok

( C /econv.cong.col.t )

B ; � `

c

[ E ]

T

1

c

0

� ! [ E ]

T

2

c

0

B ; � `

c

0

ok B ; � `

c

ok

( C /econv.col.base.unit )

B ; � `

c

[()]

unit

c

0

� ! ()

B ; � `

c

0

ok B ; � `

c

ok

( C /econv.col.base.b o ol)

B ; � `

c

[ bv ]

bool

c

0

� ! bv

B ; � `

c

0

ok B ; � `

c

ok

( C /econv.col.base.int )

B ; � `

c

[ n ]

int

c

0

� ! n

B ; � `

c

0

T

0

< : T

2

B ; � , x :

c

0

T

2

`

c

0

[ f x g

E :

P

T

1

B ; � `

c

ok B ; � , x :

c \ c

0

T

0

`

( c \ c

0

) [ f x g

T

1

: o

( C /econv.col.fun.P )

B ; � `

c

[ �x : T

2

. E ]

�x : T

0

.

P

T

1

c

0

� ! �x : T

0

. [ E ]

T

1

c

0

[ f x g

B ; � `

c

0

T

0

< : T

2

B ; � , x :

c

0

T

2

`

c

0

[ f x g

E :

I

T

1

B ; � `

c

ok B ; � , x :

c \ c

0

T

0

`

( c \ c

0

) [ f x g

T

1

: o

( C /econv.col.fun.I )

B ; � `

c

[ �x : T

2

. E ]

�x : T

0

.

I

T

1

c

0

� ! �x : T

0

. E !!

c

0

[ f x g

T

1

B ; � `

c

0

E

1

:

P

T

1

B ; � `

c \ c

0

T

1

: o B ; � , x :

c

0

T

1

`

c

0

[ f x g

E

2

:

P

T

2

B ; � `

c

ok B ; � , x :

c \ c

0

T

1

`

( c \ c

0

) [ f x g

T

2

: o B ; � `

c

0

E

2

:

P

f x  

c

0

[ E

1

]

T

1

c

0

g T

2

( C /econv.col.pair )

B ; � `

c

[( E

1

, E

2

)]

�x : T

1

. T

2

c

0

� ! ([ E

1

]

T

1

c

0

, [ E

2

]

f x  

c

0

[ E

1

]

T

1

c

0

g T

2

c

0

)

B ; � `

c

2

E :

P

T

2

B ; � `

c

1

\ c

2

T

2

: o

B ; � `

c

1

T

2

< : T

1

B ; � `

c \ c

1

T

1

: o B ; � `

c

ok

( C /econv.col.merge )

B ; � `

c

[[ E ]

T

2

c

2

]

T

1

c

1

� ! [ E ]

T

1

c

1

[ c

2

B ; � `

c

0

E

0

:

P

S ( E ) B ; � `

c \ c

0

E :

P

T B ; � `

c

ok

( C /econv.col.sing )

B ; � `

c

[ E

0

]

S ( E )

c

0

� ! E

B ; � , x :

c

T

0

`

c

0

E

1

:




T

1

B ; � , x :

c \ c

0

T

0

`

( c \ c

0

) [ f x g

T

1

� ! T

0

1

B ; � , x :

c \ c

0

T

0

`

( c \ c

0

) [ f x g

T

1

: o

( C /econv.cong.fun.seal )

B ; � `

c

( �x : T

0

. E

1

!!

c

0

T

1

) � ! ( �x : T

0

. E

1

!!

c

0

T

0

1

)

IV.6 Dynamic t yping and distributed programs D

IV.6.1 Dynamic t yping

[Sorry , this fragmen t has not b een translated y et.]
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IV.6.2 F ormalisation

IV.6.2.1 Syn tax

W e de�ne a new language, system D , whic h is a conserv ativ e extension of system C . The new

features are the t yp e d yn and t w o constructors and a destructor for this t yp e.

T ::= t yp e

. . .

d yn dynamically t yp ed v alues

E ::= expression

. . .

dyn E at T dynamic

dynned E at T univ ersal dynamic

undyn E at T else E

0

dynamic t yp e v eri�cation

IV.6.2.2 Reduction

The univ ersal dynamic of a v alue is a v alue. The new constructors and destructor are ev aluation

con texts.

V ::= quasi-v alue

. . .

dynned V

�

at T univ ersal dynamic

V

c

::= v alue in c

. . .

dynned V

�

at T univ ersal dynamic

C

c

c

0

::= ev aluation con text with inner colour c

0

and outer colour c

. . .

dyn at T dynamic

dynned at T univ ersal dynamic, when c

0

= �

undyn at T else E

0

dynamic t yp e v eri�cation

W e sa w in section IV.6.1.4 ho w to pro duce a univ ersal dynamic from a dynamic. Ev aluating

a dynamic t yp e v eri�cation can either result in accepting the underlying v alue if the t yp es are

compatible, or ev aluating the alternate expression otherwise. A new rule lets a brac k et b e pushed

in to a dynamic. A coloured brac k et around a univ ersal dynamic can simply b e erased, since its

con ten ts are already protected.

dyn V

c

at T � !

c

dynned [ V

c

]

conc

B

c

( T )

c

at conc

B

c

( T ) ( D /ered.dyn )

B ` undyn ( dyn V

c

at T ) at T

0

else E

0

� !

c

B `

�

V

c

if B ; nil `

c

T < : T

0

E

0

otherwise

( D /ered.undyn)

[ dynned V

�

at T ]

d yn

c

0

� !

c

dynned V

�

at T ( D /ered.col.dynned)
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IV.6.2.3 T yping

As w e sa w in section IV.6.1.4 , ordinary dynamics dyn E at T , but univ ersal dynamics dynned E at T

(whic h are only useful with E pure) are pure. W e do not wish to ha v e to manage dynamic t yping

inside a compiler

19

, th us w e declare that an y expression of the form undyn E at T else E

0

is impure.

B ; � `

c

ok

( D /tok.base.dyn )

B ; � `

c

d yn : K

B ; � `

c

E :




T B ; � `

c

T : o

( D /et.dyn)

B ; � `

c

dyn E at T :

I

d yn

B ; � `

�

E :

P

T B ; � `

�

T : o B ; � `

c

ok

( D /et.dynned)

B ; � `

c

dynned E at T :

P

d yn

B ; � `

c

E :




d yn B ; � `

c

E

0

:




T

( D /et.undyn)

B ; � `

c

undyn E at T else E

0

:

I

T

Since the language has a new constructor, w e need corresp onding con v ersion rules: congruence

rules to rewrite the argumen ts of the constructor, and a brac k et pushing rule (re
ecting the reduction

rule ( D /ered.col.dynned) ).

B ; � `

�

E � ! E

0

B ; � `

�

T : o B ; � `

�

E :

P

T B ; � `

c

ok

( D /econv.cong.dynned.e )

B ; � `

c

dynned E at T � ! dynned E

0

at T

B ; � `

�

T � ! T

0

B ; � `

�

T : o B ; � `

�

E :

P

T B ; � `

c

ok

( D /econv.cong.dynned.t)

B ; � `

c

dynned E at T � ! dynned E at T

0

B ; � `

�

E :

P

T B ; � `

�

T : o B ; � `

c

0

ok B ; � `

c

ok

( D /econv.col.dynned)

B ; � `

c

[ dynned E at T ]

d yn

c

0

� ! dynned E at T

The dynamisation function Our t yping rules let us write an y monomorphic dynamisation func-

tion �x : T . dyn x at T , with the t yp e T !

I

d yn . They also let us write the p olymorphic dynamisation

function �t : type

o

. �x : T yp t . dyn x at T yp t , with the t yp e �t : type

o

.

P

T yp t !

I

d yn . Applying one

of these dynamisation function pro duces a v alue of the form dynned [ V ]

conc

B

c

( T )

c

at conc

B

c

( T ) where c

is the am bien t colour.

IV.6.3 Comm unication in ter-mac hines

IV.6.3.1 In tro duction

The presen t dissertation w as motiv ated b y the need for dynamic t yp e-c hec kin in distributed pro-

grams with abstract t yp es. The presen t c hapter has so far mainly dealt with abstract t yp es, and

w e ha v e no w in tro duced dynamic t yp e-c hec king. W e no w add the last ingredien t: in ter-mac hine

comm unication.

As in c hapter I I , w e assume the a v ailabilit y of some serialisation mec hanism to send v alues

b et w een programs running on di�eren t mac hines. In the presen t discussion, w e deal with net w ork ed

programs, but man y considerations also apply to time- rather than space-separated programs, i.e.,

a program writing data to p ersisten t storage and another program later reading the data.

In order for a v alue sen t b y a mac hine A to b e correctly receiv ed and deco ded on a mac hine B ,

the programs running on the t w o mac hines m ust agree on their in terpretations of the bit strings

they exc hange. W e assume that all programs are written in the same language and use the same

serialisation library , so that it su�ces to ensure that the exc hanged v alues do not dep end on an y

manner of en vironmen t that is not shared b y the t w o mac hines. Our seman tics do es con tain one

19

Not only w ould it b e useless, it w ould also w ork around a putativ e strati�cation (see section V.3.1.1 ).
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mac hine-dep enden t elemen t: abstract t yp es de�ned on one mac hine ma y not b e a v ailable on another

mac hine.

As a �rst step, w e will mak e the soundness-safe assumption that abstract t yp es de�ned on one

mac hine are distinct from abstract t yp es de�ned on an y other mac hine, i.e., abstract t yp es are

globally fresh. W e sp en t most of c hapter I I studying ho w to lift this restriction, and w e will see in

section IV.6.3.5 ho w to in tegrate these ideas in to system D .

IV.6.3.2 Comm unication and colours

In this section, w e assume the existence of t w o primitiv es send and recv for resp ectiv ely sending

and receiving a v alue. Comm unication can tak e place on a net w ork, via temp orary storage or b y

an y other means. More precisely , since w e are w orking in a t yp ed language, w e will assume t w o

t yp e-indexed families of primitiv es send

T

and recv

T

, the t yp e T b eing that of transmitted v alues;

their t yp es are send

T

: T !

I

unit et recv

T

: unit !

I

T . In order for comm unications to resp ect

t yping, the comm unication proto col m ust ensure that v alues sen t b y send

T

will only ev er b e receiv ed

b y recv

T

0

when it can b e guaran teed that an y v alue of t yp e T also has the t yp e T

0

, whic h w e mo del

with the constrain t T < : T

0

.

One thorn y issue is that T and T

0

liv e in di�eren t con texts: the sending lo cus and the reception

lo cus ma y ha v e di�eren t kno wledge of abstract t yp es. In our framew ork, this means that the

am bian t colour migh t di�er b et w een sending and reception. As w e sa w in section IV.5.3.1 , the

colour in
uences b oth the v alidit y and the seman tics of a t yp e. This also applies to the transmitted

v alue, whic h ma y ha v e the t yp e T in the sending colour c without ha ving the t yp e T , or indeed an y

t yp e, in the reception colour c

0

.

One w a y to ensure the safet y of comm unication is to index the primitiv es b y a colour as w ell

as a t yp e, i.e., send

T

c

and recv

T

0

c

0

, and require that the comm unication proto col ensure colour

compatibilit y c � c

0

(or rather more precisely � `

c

0

c transpa rent ) as w ell as t yp e compatiblit y

� `

c

T < : T

0

. Ho w ev er adapting a comm unication proto col to ensure colour compatibilit y is not

straigh tforw ard, all the less as the am bian t colour of a v alue ma y c hange as it is passed around

(whereas the t yp e annotations T and T

0

are usually kno wn statically).

One w a y to prev en t an y incompatibilit y from o ccurring is to require that the sending colour b e

empt y , in other w ords that the sending t yp e T as w ell as the transmitted v alue b e universal . W e

will study ho w to ac hiev e this in section IV.6.3.3 .

If w e wish to transmit v alues b et w een arbitrary colours, they need to b e protected. W e encoun-

tered a similar situation in section IV.5.2.2 : giv en a v alue V and a t yp e T , w e need to construct

a v alue that is \equiv alen t" to V and has a t yp e \equiv alen t" to T in the empt y colour � . The

solution is to use concretisation and send [ V ]

conc

B

c

( T )

c

instead of V , where conc

B

c

( T ) is the t yp e T

with uses of c expanded out. The extra coloured brac k et protects V b y b esto wing up on it an y t yp e

equation that it ma y need. Ha ving obtained the univ ersal v alue [ V ]

conc

B

c

( T )

c

, w e can safely send it to

an y receiv er for the t yp e conc

B

c

( T ) .

IV.6.3.3 Univ ersals

[Sorry , this fragmen t has not b een translated y et.]

IV.6.3.4 Nonce sharing

In section IV.6.3.2 , w e discussed ho w to send v alues b et w een di�eren t colours. W e glossed o v er the

fact that a colour is only de�ned in a certain lexis | comparing colours de�ned in di�eren t lexes, or
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transmitting a colour from one lexis to another, do es not a priori mak e sense. Ho w ev er in a net w ork

of mac hines, eac h mac hine w ould ha v e its o wn lexis.

W e mo delled the execution of a program (consisting of a single thread running on a giv en

mac hine) b y a reduction relation of the form B ` E � !

�

B

0

` E

0

(at the top lev el, outside of an y

brac k et, the am bian t colour is empt y). An immediate generalisation to net w ork ed programs leads us

to consider a family of reductions B

i

` E

i

� !

�

B

0

i

` E

0

i

where the index i represen ts the mac hine on

whic h the reduction tak es place. In this mo del, comm unication m ust tak e in to accoun t the c hange

of lexis from B

i

to B

j

as w ell as the colour c hange.

Recall that a lexis is a set of nonces (plus some information ab out these nonces), and eac h nonce

that is added to the lexis is freshly created (b y the rule ( C /ered.seal) and globally unique). Tw o lexes

B

1

and B

2

formed on di�eren t mac hines are therefore disjoin t; it is clear that ( B

1

, B

2

) , or indeed

an y lexis made b y in terlea ving the elemen ts of B

1

with the elemen ts of B

2

is also a w ell-formed lexis,

with the same information stored for eac h nonce as in B

1

or B

2

. In the metatheory , w e can just

merge lexes and mo del the ev olution of a net w ork ed program b y a reduction relation of the form

B ` E

1

k . . . k E

n

� ! B

0

` E

0

1

k . . . k E

0

n

(where E

1

k . . . k E

n

notes the parallel comp osition of n expressions, eac h running on its o wn mac hine).

This mo del mak es considerations ab out mixing lexes mo ot as far as the metatheory is con-

cerned. Ho w ev er, in practice, requiring eac h nonce to b e broadcast as so on as it is created w ould b e

prohibitiv ely exp ensiv e (and migh t b e imp ossible in net w orks with complex dynamic top ologies).

F ortunately one can easily implemen t the shared lexis mo del b y considering that eac h mac hine only

has a partial cop y of the global lexis at an y time, and requiring ev ery transmission of a v alue to

also con tain an y information necessary to reconstruct the parts of the lexis that the v alue dep ends

on (that is, the nonces con tained in a v alue as w ell as their dep endencies). Th us the lexis is spread

around lazily . Note that although nonce creation requires the generation of a globally unique name,

this do es not in practice require sync hronisation: it su�ces that eac h mac hine ha v e a globally unique

name that can b e included in the nonce, whic h is the case in most distributed systems.

IV.6.3.5 Static sealing and hashes

Nonces are singularised iden tities in the sense of section I I.6.1.2 , as a fresh nonce is generated

whenev er a new family of abstract t yp es is created b y ev aluating a dynamic sealing construct E !! T .

In section IV.4.4.2 , w e presen ted system W , whic h has another notion of sealing, namely static

sealing E :: T . Unlik e dynamic sealing, static sealing creates a new family of abstract t yp es once

and for all at program compile- or initialisation-time, and th us requires an iden tit y to b e generated

at the corresp onding time.

In a distributed en vironmen t, there are sev eral c hoices as to when to generate iden tities for

statically sealed mo dules. The t w o main p ossibilities, compile- and initialisation-time, giv e di�eren t

results.

Generating stamps at compile-time [Mac84 ] is one traditional w a y of obtaining comparable

designations of abstract t yp es. This is not suitable when the iden tit y of a t yp e dep ends on the

run-time b eha viour of the program, but this is nev er the case with our static sealing. Some mo dule

systems for distributed programs [Sew01 ] explicitly allo w for abstract t yp e generation at compile-

time. This feature has a gra v e practical defect, namely the imp ossibilit y of reconstructing a program

from its source alone. If t w o instances of the same program are deplo y ed, they will only ha v e

compatible t yp es if they stem from the same compilation, not if the program w as distributed in

source form. F or this reason, w e c ho ose not to supp ort an y w a y to generate mo dule iden tities at

compile-time.
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Generating new iden tities at program-initialisation time allo ws for less compatibilit y than at

compile-time. Ho w ev er the b eha viour is easily predictable and repro ducible: an y excessiv e gen-

erativit y can b e sp otted in testing. Th us w e prop ose that this is a viable seman tics for static

sealing.

None of the generation seman tics describ ed so far allo ws sharing abstract t yp es b et w een inde-

p enden tly compiled instances of the same program (let alone indep enden tly deplo y ed instances of a

program comp onen t). Y et most cases where static sealing is used | often to enforce data structure

in v arian ts | corresp ond to cases where structural mo dule iden tities, i.e., hash hashes are desired

(see section I I.3). It is therefore natural to designate statically sealed mo dules b y their hash. The

iden tities are de�ned b y a purely mathematical computation and therefore repro ducible at will.

As in ha t (see section I I I.2.7.5 ), w e can see hashes as unifying separate de�nitions of the \same"

mo dule on di�eren t mac hines.

W e shall not describ e hash formation for system W formally here. This construction requires

that the statically sealed mo dule b e lifted from its lo cal p oten tially-generativ e con text as describ ed

in section IV.4.4.5 . Note that in system W , unlik e in ha t , the iden tit y of a t yp e is an arbitrarily-

sized term whic h ma y men tion more than one hash. F or example, if f is a statically sealed mo dule

with the signature �x : T

0

. �t : type . T

1

that is applied to a dynamically sealed mo dule whic h w as

giv en the nonce a , the iden tit y of the t yp e �eld in the resulting mo dule is �

1

( h a ) where h is the

hash of the functor.

IV.7 Conclusion

Summary In the presen t c hapter w e presen ted a description language called topha t for a mo dule

system for an ML-lik e language. The main features of this language are:

� structures and functors, whose t yp es are resp ectiv ely dep enden t sums and dep enden t pro ducts;

� a w a y to test the equiv alence of t w o mo dules, and propagate kno wledge of suc h an equiv alence,

using singleton signatures;

� abstract t yp es can b e de�ned b y sealing a mo dule, and an e�ect system determines whic h

expressions remain comparable;

� an reduction abstraction-preserving, thanks to coloured brac k ets;

� a dynamic t yp e-c hec king construct that do es not dep end on the program con text.

Soundness The most basic requiremen t for a t yp e system is that it for the prop osed execution

mec hanism. App endix B con tains a soundness pro of for topha t , classically form ulated as t w o

theorems: t yp e preserv ation b y reduction ( ?? ()) and progress of w ell-t yp ed expressions ( ?? ()).

Decidabilit y of t yp e-c hec king Another exp ected prop ert y of a t yp e system for a programming

language is decidabilit y , i.e., w e w ould lik e an algorithm for deciding whether a giv en expression has

a giv en t yp e

20

. In particular, w e w ould need to decide when t w o t yp es are equiv alen t. Decision pro-

cedures exist for w eak er t yp e systems, in particular the one prop osed b y Drey er, Crary and Harp er

[DCH03 ]. Ho w ev er their algorithm do es not easily generalise to our system, and w e regretfully lea v e

the question op en.

20

T yp e inference w ould in fact b e desirable. Ho w ev er inference is kno wn to b e undecidable in m uc h w eak er

t yp e systems suc h as system F. With the t yp e annotations that w e require in the syn tax, in particular on function

argumen ts, t yp e reconstruction migh t not b e substan tially harder than v eri�cation.
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Chapter V

Conclusion

V.1 Summary

[Sorry , this fragmen t has not b een translated y et.]

V.2 Related w ork

V.2.1 Theoretic considerations

[[CM88 ], [OTCP90]]

V.2.2 Programming languages

[Mo dula-3, Ja v a, .NET, Ob jectiv e Caml]

V.2.3 Acute and HashCaml

[Sorry , this fragmen t has not b een translated y et.]

V.2.4 Alice ML

Rossb erg's w ork is to m y kno wledge the only other in-depth treatmen t of the main topic of this

dissertation. In terestingly , m y and his indep enden t study of the problem led us to w ards the same

to ols.

Rossb erg's �rst step [Ros03 ] w as to use coloured brac k ets [ZGM99 ] to k eep trac k of abstract

t yp es at run-time and obtain an abstraction-preserving reduction relation, in a manner similar to

our ha t [LPSW03 ]. Our theories di�er in that Rossb erg's approac h is purely generativ e: abstract

t yp es created on di�eren t mac hines are incompatible.

Rossb erg also studied the generalisation from simple mo dules to a full-
edged ML mo dule cal-

culus [Ros07 ]. His implemen tation builds on Alice ML [PSL ]. Rossb erg de�nes the �

!

SA 	

-calculus,

whic h mo dels the core of Alice ML. This calculus includes a construct that de�nes an abstract

t yp e ( x 10.5{10.7), and he sho ws that this is equiv alen t to ML-lik e mo dule sealing (sp eci�cally , see

m y section IV.4.4.2 ). An abstract t yp e is iden ti�ed b y a t yp e v ariable � with an abstr action kind

( x 11.3). An abstraction kind A ( � ) is similar to a singleton kind S ( � ) but only the singleton kind

allo ws implicit con v ersion b et w een � and � . Abstraction-kinded t yp e v ariables pla y the same role

as m y lexis-stored nonces. The t yp e system of �

!

SA 	

-calculus allo ws explicit con v ersions b et w een
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an abstract t yp e and its represen tation t yp e an ywhere in the program, whereas I materialise suc h

con v ersions with coloured brac k ets.

Rossb erg pro v es an op acity prop ert y ( x 12.9): a program that do es not con tain an y explicit

con v ersion b et w een an abstract t yp e and its represen tation is parametric with resp ect to said repre-

sen tation. Rossb erg also prop oses a mec hanism to seal functors ( x 13), allo wing for b oth applicativ e

and generativ e functors. Giv en the complexit y of b oth systems, I lea v e to future w ork a comparison

b et w een the expressivit y of �

!

SA 	

-calculus with functors and that of topha t .

V.3 F uture w ork

V.3.1 Impro v emen ts to the theory

V.3.1.1 Strati�cation

[indexing type with a univ erse]

V.3.1.2 One or t w o language lev els?

[Sorry , this fragmen t has not b een translated y et.]

V.3.1.3 E�ect analysis

[Sorry , this fragmen t has not b een translated y et.]

V.3.1.4 Colours and brac k ets

[Sorry , this fragmen t has not b een translated y et.]

V.3.1.5 Decidabilit y of t yp e-c hec king

[Sorry , this fragmen t has not b een translated y et.]

V.3.1.6 P arametricit y

[Sorry , this fragmen t has not b een translated y et.]

V.3.2 Supplemen tary features

V.3.2.1 Field names and width subsignaturing

[Sorry , this fragmen t has not b een translated y et.]

V.3.2.2 T o w ards a programming language

[p olymorphism; recursion; libraries]

V.3.2.3 Generic programming

[Sorry , this fragmen t has not b een translated y et.]
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V.3.2.4 Securit y

[Sorry , this fragmen t has not b een translated y et.]

V.3.3 Implemen tation

V.3.3.1 Hash computation

[Sorry , this fragmen t has not b een translated y et.]

V.3.3.2 T yping topha t

[Sorry , this fragmen t has not b een translated y et.]

V.3.3.3 In tegration in to Ob jectiv e Caml: the mo dule system

Adding named structure �elds and width subt yping to topha t as describ ed in section V.3.2.1 yields

a language that co v ers all the features of the mo dule calculus of Ob jectiv e Caml [L

+

]. But is our

language compatible, i.e., is it a conserv ativ e extension of Ob jectiv e Caml?

The answ er is a quali�ed \no". There are programs that Ob jectiv e Caml accepts and w e reject,

b ecause Ob jectiv e Caml treats ev ery functor as applicativ e, ev en if its b o dy con tains side e�ects.

This is unacceptable in topha t as applications of applicativ e functors m ust b e able to b e statically

ev aluated. One w a y to impro v e compatibilit y w ould b e to in tro duce a notion of separation (in

the sense of separabilit y [Dre05 ] as discussed in section IV.4.2.3 ). It is ho w ev er debatable whether

this is desirable: treating a functor whose application has side e�ects as applicativ e do es not break

structural t yping but do es not fully resp ect abstraction. W e prefer to treat an y functor whose

b o dy has side e�ects as generativ e b ecause when applicativit y is desired, the b o dy is usually pure

([Dre05 , RRS]). F or example, all the functors in the standard library of Ob jectiv e Caml ha v e a

pure b o dy (mainly consisting of t yp e de�nitions and immediate functions, as w ell as a few data

structure v alues).

The existing sealing of Ob jectiv e Caml should b e considered a static sealing (see section IV.4.4.2 .

It w ould b e desirable to add a dynamic sealing construct. Another necessary extension is syn tax to

mark a functor as generativ e (i.e., a purit y annotation on functor t yp es), in order for all signatures

to b e expressible in the source language.

In addition to examining the mo dule language, w e need to c hec k for incompatibilities with

the core language. W e discussed p olymorphism in section V.3.2.2 . W e can freely extend topha t

with impure constructs; a safe c hoice is to mak e almost all core expressions impure. The main

requiremen ts with resp ect to purit y are that pro jecting a �eld of a mo dule and immediate functions

m ust b e considered pure. In fact, Ob jectiv e Caml (lik e an y implemen tation of Standard ML)

already p erforms a suitable purit y analysis, in order to c hec k the v alue restriction for p olymorphism

[W ri95, Gar04 ].

V.3.4 Applications of dynamic t yping

[Sorry , this fragmen t has not b een translated y et.]

V.3.4.1 The JoCaml name serv er

The JoCaml \name serv er" w as one of the main motiv ations of this w ork. The JoCaml language

[FLFS07 , MM01 ] is statically t yp ed, including comm unications [FLMR97 ]. Ho w ev er this result only
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applies inside a single program instance: when t w o separate instances comm unicate, the fact that

the v alue sen t b y one instance has the t yp e exp ected b y the other instance cannot result solely

from adherence to a proto col that only allo ws for v eri�cation inside a single instance, whic h static

t yp ec hec king is.

The recommended programming metho dology for JoCaml k eeps unsafe in teractions to a mini-

m um: one instance publishes a comm unication c hannel of an agreed-up on t yp e, and other instances

can send v alues (including other c hannels) o v er this initial c hannel, all comm unications but the

initial reception of the public c hannel b eing t yp e-safe. The JoCaml standard library pro vides a

Ns mo dule to assist in equipping dep oly ed programs with a name serv er. This name serv er is a

particular program instance whic h acts as a database for comm unication c hannels (the names in

question). P articipating instances can publish their en try p oin ts b y uploading them to the name

serv er. A program instance that w an ts to join the net w ork can query the name serv er to obtain a

c hannel to send data on. The only t yp e-c hec king that m ust tak e place at run-time is that p erformed

b y new participan ts as they c hec k that the data returned b y the name serv er matc hes their t yping

exp ectations (the actual v eri�cation ma y b e p erformed b y the name serv er itself; in an y case the

name serv er m ust retain t yping information for the v alues that it stores).
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App endix A

F ormal de�nition of topha t

This app endix is a pr � ecis of the language topha t , whic h is iden tical to D of c hapter IV.

E ::= expression

x

�

�

y

�

�

t

�

�

. . . v ariables

() unit v alue

false

�

�

true b o olean (generically bv )

0

�

�

1

�

�

. . . in teger (generically n )

h T i t yp e �eld

( E

1

, E

2

) pair

�

i

E pro jection ( i 2 f 1, 2 g )

�x : T . E lam b da-abstraction

E

1

E

2

application

let x = E

0

in E : T lo cal binding

E !!

c

T sealed and coloured mo dule

[ E ]

T

c

coloured brac k et

dyn E at T dynamic

dynned E at T univ ersal dynamic

undyn E at T else E

0

dynamic t yp e v eri�cation

T ::= t yp e

unit unit

bool b o oleans

int in tegers

T yp E pro jection from a t yp e �eld

�x : T

1

. T

2

dep enden t sum (also written T

1

� T

2

when x =2 fv T

2

)

�x : T

0

.




T

1

dep enden t pro duct (also written T

1

!




T

2

when x =2 fv T

1

)

S ( E ) singleton

type

K

abstract t yp e �eld

L A M abstract t yp e

d yn dynamically t yp ed v alues

K ::= kind

o monomorphic (fully sp eci�ed)

� p olymorphic (partially sp eci�ed)
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A ::= mo dule comp onen t

a nonce

A E application

�

i

A pro jection ( i 2 f 1, 2 g )


 ::= e�ect

P pure

I impure

� ::= primary colour

a nonce

x v ariable

c ::= colour

� empt y colour (also written fg )

f a

1

, . . . , a

k

, x

1

, . . . , x

k

g �nite set of primary colours

B ::= lexis

nil empt y

B , a = E :

c

0

T nonce a with implemen ted b y E with the signature T

� ::= en vironnemen t

nil empt y

� , x :

c

T binding of the v ariable x

J ::= lo cal judgemen t righ t-hand side

ok en vironmen t correction

T : K t yp e kinding (generalising T : � )

T � ! T

0

t yping con v ersion

T � T

0

con v ertibilit y equiv alence on t yp es

E � ! E

0

expression con v ersion

E � E

0

con v ertibilit y equiv alence on expressions

T

1

< : T

2

subt yping

c

0

transpa rent colour transparency

A . E : T comp onen t rev elation

A � ! A

0

comp onen t con v ersion

A � A

0

con v ertibilit y equiv alence on comp onen ts

E :




T expression t yping

V ::= quasi-v alue

()

�

�

bv

�

�

n constan t

h T i t yp e �eld

( V

1

, V

2

) pair

�x : T . E lam b da-abstraction

[ V ]

L A

V

M

c

0

p oten tially abstraction-making coloured brac k et

dynned V

�

at T univ ersal dynamic

72



V

c

::= v alue in c

()

�

�

bv

�

�

n constan t

h T i t yp e �eld

( V

c

1

, V

c

2

) pair

�x : T . E lam b da-abstraction

[ V

c

0

]

L A

V

c \ c

0

M

c

0

coloured brac k et, if A

V

c \ c

0

is abstract in c but concrete in c

0

dynned V

�

at T univ ersal dynamic

A

V

::= comp onen t v alue

a nonce

A

V

V application to a quasi-v alue

�

i

A

V

pro jection ( i 2 f 1, 2 g )

A

V

c

::= abstract comp onen t in c

a nonce, if opaque in c

A

V

c

V

c

application of a functor to a v alue

�

i

A

V

c

pro jection ( i 2 f 1, 2 g )

C

c

c

0

::= ev aluation con text with inner colour c

0

and outer colour c

E

1

function argumen t

V

2

applied function

( , E

2

) �rst comp onen t of a pair

( V

1

, ) second comp onen t of a pair

�

i

pro jection ( i 2 f 1, 2 g )

let x = in E : T lo cal b ound

!!

c

1

T sealing

[ ]

T

c

0

coloured brac k et

[ V

c

1

]

T yp

c

1

t yp e �eld on a brac k et, when c

0

= c \ c

1

dyn at T dynamic

dynned at T univ ersal dynamic, when c

0

= �

undyn at T else E

0

dynamic t yp e v eri�cation

self

BT

( A ) = BT if BT is a base t yp e ( unit , bool , int , d yn )

self

�x : T

1

. T

2

( A ) = �x : self

T

1

( �

1

A ) . self

T

2

( �

2

A )

self

�x : T

0

.

P

T

1

( A ) = �x : T

0

.

P

( self

T

1

( A x ))

self

�x : T

0

.

I

T

1

( A ) = �x : T

0

.

I

T

1

self

S ( E

0

)

( A ) = S ( E )

self

type

K

( A ) = S ( h L A M i )

conc

B

c

( L A

1

M ) = T yp rev eal

B

( A

1

) if underl ( A

1

) 2 c

conc

B

c

( L A

1

M ) = L A

1

M if underl ( A

1

) =2 c

conc

B

c

([ E ]

T

c

0

) = [ E ]

conc

B

c \ c

0

( T )

c

0

(other cases b y simple induction)
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f x  

c

0

E

0

g x = E

0

f x  

c

0

E

0

g y = y si y 6= x

f x  

c

0

E

0

g [ E ]

T

c

= [ f x  

c

0

E

0

g E ]

f x  

c

0

E

0

g T

f x  

c

0

E

0

g c

f x  

c

0

E

0

g c = ( c n f x g ) [ c

0

si x 2 c

f x  

c

0

E

0

g c = c si x =2 c

(other cases follo w the usual notion of capture-a v oiding substitution)

underl ( a ) = a

underl ( A E ) = underl ( A )

underl ( �

i

A ) = underl ( A )

rev eal

B

( a ) = E where a = E :

c

T 2 B

rev eal

B

( A E ) = ( rev eal

B

( A )) E

rev eal

B

( �

i

A ) = �

i

( rev eal

B

( A ))

B ; nil `

c

0

E :

P

T

when a =2 dom B

B , a = E :

c

0

T ; nil `

�

ok

(envok.a)

B ; � `

c

0

ok

when a = E :

c

0

T 2 B ^ c

0

� c

0

B ; � `

c

0

[ f a g

ok

(envok.c.a)

B ; � `

c

0

ok

when x :

c

0

T 2 �

B ; � `

c

0

[ f x g

ok

(envok.c.x)

nil ; nil `

�

ok

(envok.nil)

B ; � `

c

T : �

when x =2 dom �

B ; � , x :

c

T `

�

ok

(envok.x)

B ; � `

c

ok

B ; �

0

`

c

0

� transpa rent

when � = ( �

0

, x :

c

0

T , �

1

) ^ x 2 c

B ; � `

c

� transpa rent

(vis.env)

B ; � `

c

ok

when � 2 c

B ; � `

c

� transpa rent

(vis.in)

B ; � `

c

ok

B ; � `

c

� transpa rent

(vis.o)

B ; � `

c

c

1

transpa rent

B ; � `

c

c

2

transpa rent

B ; � `

c

c

1

[ c

2

transpa rent

(vis.union)

B ; � `

c

c

0

transpa rent

when a = E :

c

0

T 2 B

B ; � `

c

a . E : T

(ac.a)

B ; � `

c

A . E : �x : T

0

.

P

T

1

B ; � `

c

E

0

:

P

T

0

B ; � `

c

A E

0

. E E

0

: f x  

c

E

0

g T

1

(ac.app)

B ; � `

c

A . E : �x : T

1

. T

2

B ; � `

c

�

1

A . �

1

E : T

1

(ac.p roj.1)

B ; � `

c

E

1

:

P

S ( �

1

E )

B ; � `

c

A . E : �x : T

1

. T

2

B ; � `

c

�

2

A . �

2

E : f x  

c

E

1

g T

2

(ac.p roj.2)

B ; � `

c

A . E : type

K

B ; � `

c

L A M : K

(tok.abs)

B ; � `

c

ok

B ; � `

c

bool : o

(tok.base.b o ol)

B ; � `

c

ok

B ; � `

c

d yn : K

(tok.base.dyn)

B ; � `

c

ok

B ; � `

c

int : o

(tok.base.int)

B ; � `

c

ok

B ; � `

c

unit : o

(tok.base.unit)

B ; � `

c

E :

P

type

K

B ; � `

c

T yp E : K

(tok.�eld)
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B ; � `

c

T

0

: K

0

B ; � , x :

c

T

0

`

c [ f x g

T

00

: K

00

B ; � `

c

�x : T

0

.

I

T

00

: o

(tok.fun.I)

B ; � `

c

T

0

: K

0

B ; � , x :

c

T

0

`

c [ f x g

T

00

: K

00

B ; � `

c

�x : T

0

.

P

T

00

: K

00

(tok.fun.P)

B ; � `

c

T

0

: K

0

B ; � , x :

c

T

0

`

c [ f x g

T

00

: K

00

B ; � `

c

�x : T

0

. T

00

: K

0

_ K

00

(tok.pair)

B ; � `

c

ok

B ; � `

c

type

K

: �

(tok.t yp e)

B ; � `

c

E :

P

T

B ; � `

c

S ( E ) : o

(tok.sing)

B ; � `

c

T : K

0

when K

0

6 K

B ; � `

c

T : K

(tok.sub)

B ; � `

c

E

0

� ! E

0

0

B ; � `

c

E

0

:

P

T

0

B ; � `

c

A . E : �x : T

0

.

P

T

1

B ; � `

c

A E

0

� ! A E

0

0

(aconv.cong.app.a rg)

B ; � `

c

A � ! A

0

B ; � `

c

A . E : �x : T

0

.

P

T

1

B ; � `

c

E

0

:

P

T

0

B ; � `

c

A E

0

� ! A

0

E

0

(aconv.cong.app.fun)

B ; � `

c

A � ! A

0

B ; � `

c

A . E : �x : T

1

. T

2

B ; � `

c

�

i

A � ! �

i

A

(aconv.cong.p roj)
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