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Linear usages in signal based communication

Sπ-calculus

Introduction

is a synchronous π-calculus,

no non-deterministic choice operator +,

a dereferenciation operator !s,

inputs depend on the instant,

outputs are persistent within the instant.
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Sπ-calculus

Semantics

Within the instant

(out)
e ⇓ v

s<e>
s<v>
−−−−→ s<e>

(inaux )
s(x).P, K

s?v
−−→ [v/x ]P

(in)
P

sv
−→ (P | s<v>)

(comp)
P1

µ
−→ P′

1 bn(µ) ∩ fn(P2) = ∅

P1 | P2
µ
−→ P′

1 | P2

(synch)
P1

νts<v>
−−−−−→ P′

1 P2
s?v
−−→ P′

2
{t} ∩ fn(P2) = ∅

P1 | P2
τ
−→ νt(P′

1 | P′
2)

(=ind
1 )

match(v , p) = θ

[v � p]P1, P2
τ
−→ θP1

(=ind
2 )

match(v , p) =↑

[v � p]P1, P2
τ
−→ P2
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Sπ-calculus

Semantics

At the end of the instant

(0)
0

∅,V
−−→ 0

(reset)
e ⇓ v v ∈ V (s)

s<e>
[{v}/s],V
−−−−−−→ 0

(cont)
s /∈ dom(V )

s(x).P, K
∅,V
−−→ V (K)

(par)
Pi

Ei,V
−−→ P′

i
i = 1, 2

(P1 | P2)
E1∨E2,V
−−−−−→ (P′

1 | P′
2)

(next)
P ≤ νs P′ P′ E,V

−−→ P′′ V ‖− E

P
N
−→ νs P′′
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Sπ-calculus

Determinism

Definition

P is deterministic if for every sequence of actions s :

P
s

z� ~
~~

~~
~~

~~
~~

~~
~

s

�$
@@

@@
@@

@

@@
@@

@@
@

P1 ≈ P2

Definition (Bisimulation Standard)

A symmetric relation R on programs is a labelled bisimulation if
bn(α) ∩ fn(Q) = ∅ and :

P

α

��

R Q

α
��

P ′ R Q ′

We denote with ≈ the largest labelled bisimulation.
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Typing system 1

Problems

At least two different values are emitted on the same signal,
at the same instant :

s<v> | s<v′> | s(x).P, K

At the end of the instant, at least two different values are
available :

s<v> | s<v′> | pause.A(!s)
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Typing system 1

Usages

s : Sig(

n

m

p

)

ω(σ)

où :







n max of outputs
m max of inputs
p max of inputs at the end of the instant

n,m, p ∈ L = {0 < 1 < ∞}

Lifting operation : ↑ (u.vω) = vω
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Typing system 1

Examples

Synchronous Data Flow

νs2, s3, s4, s5 (A(s1, s2, s3, s4) | B(s2, s3, s5, s6) | C (s4, s5))

A(s1, s2, s3, s4) = s1(x).(s2<f(x)> | s3(y).(s4<g(y)> | pause.A(s1, s2, s3, s4)), 0), 0
B(s2, s3, s5, s6) = s2(x).(s3<i(x)> | s5(y).(s6<l(y)> | pause.B(s2, s3, s5, s6)), 0), 0
C(s4, s5) = s4(x).(s5<h(x)> | pause.C(s4, s5)), 0

A

C

B
1

2

3

4 5

6
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Typing system 1

Examples

Cell

Cell(q, s, l) = Send(q, s, l, l)
Send(q, s, l, l′) = [l′ � cons(s′, l′′)]

(s′<q> | Send(q, s, l, l′′)),
pause.Cell(next(q, !s), s, l)
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Typing system 1

Examples

[e]
0

@

∞
0
∞

1

A

[o1]
0

@

1
∞
∞

1

A

[o0]
0

@

0
∞
∞

1

A
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Typing system 1

Types

σ ::= 1 ||| List(σ) ||| Set(σ) ||| Sigu(σ)
u ∈ {eω , oω

0 }

ρ ::= σ ||| Sigu(σ)
u ∈ {eω , oω

1 , oω
0 , o1.o

ω
0 , o0.o

ω
1 }
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Typing system 1

Types

Addition

0 ⊕ x = x

1 ⊕ 1 = ∞
∞ ⊕ x = ∞

σ ⊕ σ = σ

Sigu(σ) ⊕ Sigu′(σ) = Sigu⊕u′(σ)
ρ ⊕ ρ′ = ↑

σ is neutral ⇔ ∀ρ, σ ⊕ ρ = ρ
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Typing system 1

Typing rules

... for expressions

(var)
Γ neutral

Γ, x : ρ ⊢ x : ρ
(k)

Γ ⊢ ri : σi i = 1, . . . , n Γ′ neutral
k : (σ1, . . . , σn) → σ k = f or k = c

Γ′ ⊕ Γ ⊢ k(r1, . . . , rn) : σ

(!Set)
Γ neutral u =

`

∞, 0,∞
´ω

Γ, s : Sigu(σ) ⊢!s : Set(σ)
(!List)

Γ neutral u =
`

0,∞,∞
´ω

Γ, s : Sigu(σ) ⊢!s : List(σ)
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Typing system 1

Typing rules

... for programs

(0)
Γ neutral

Γ ⊢ 0
(out)

u ∈ {eω , o1.o
ω
0 } Γ ⊢ e : σ

Γ, s : Sigu(σ) ⊢ s<e>

(ν)
u ∈ {eω , oω

1 }
Γ, s : Sigu(σ) ⊢ P

Γ ⊢ νs : Sigu(σ) P

(in)
u ∈ {oω

0 , o0.o
ω
1 } Γ ⊢ s : Sigu(σ)

Γ, x : σ ⊢ P ↑ (Γ) ⊢ K

Γ ⊢ s(x).P, K

(par)
Γi ⊢ Pi i = 1, 2
Γ1 ⊕ Γ2 ⊢ P1 | P2

(rec)
A : (ρ1, . . . , ρn)

Γi ⊢ ri : ρi i = 1, . . . , n
Γ1 ⊕ · · · ⊕ Γn ⊢ A(r1, . . . , rn)

(ms)
Γ ⊢ Pi i = 1, 2

Γ ⊢ [s1 = s2]P1,P2
(mc )

c : (σ1, . . . , σn) → σ Γ′ ⊢ u : σ Γ ⊕ Γ′ = Γ
Γ, x1 : σ1, . . . , xn : σn ⊢ P1 Γ ⊢ P2

Γ ⊢ [u � c(x1, . . . , xn)]P1, P2
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Typing system 1

Formal properties of the typing system

Proposition (Subject Reduction)

Suppose Γ ⊢ P . Then :
(1) If P

sv
−→ P ′, Γ′ ⊢ s<v> and Γ ⊕ Γ′ ↓, then Γ ⊕ Γ′ ⊢ P ′.

(2) If P
νt:ρs<v>
−−−−−−→ P ′ then Γ, t : ρ ⊢ P ′.

(3) If P
τ
−→ P ′ then Γ ⊢ P ′.

(4) If P
N
−→ P ′ then ↑ (Γ) ⊢ P ′.

Theorem (Typing implies determinacy)

If the program P is typable in a context Γ, then P is determinate.
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Typing system 1

Try on examples

Synchronous Data Flow

νs2, s3, s4, s5 (A(s1, s2, s3, s4) | B(s2, s3, s5, s6) | C(s4, s5))

I = Sigoω
0
(Data) O = Sigoω

1
(Data)

A : (I ,O, I ,O) B : (I ,O, I ,O) C : (I ,O)

s1 : I s6 : O

A

C

B
1

2

3

4 5

6
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Typing system 1

Try on examples

Cell

Cell(q, s, l) = Send(q, s, l, l)
Send(q, s, l, l′) = [l′ � cons(s′, l′′)]

(s′<q> | Send(q, s, l, l′′)),
pause.Cell(next(q, !s), s, l)

S1 = Sigeω(σ) L1 = List(S1)

Cell : (State,S1,L1) Send : (State,S1,L1,L1)

next : (State,Set(State)) → State)
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Typing system 1

Try on examples

Client-Server

Server(s) = pause.Handle(s, !s)
Handle(s, l) = [l � cons(req(s ′, x), l ′)]

(s′<f(x)> | Handle(s, l ′)),
Server(s)

Client(x , s, t) = νs ′(
s<req(s′, x)>

| pause.s′(x).t<x>, 0
)
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Typing system 1

Try on examples

Client-Server

Server(s) = pause.Handle(s, !s)
Handle(s, l) = [l � cons(req(s ′, x), l ′)]

(s′<f(x)> | Handle(s, l ′)),
Server(s)

Client(x , s, t) = νs ′(
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| pause.s′(x).t<x>, 0
)A more usages !
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Extended system

Signals’ classes

[1]
0

@

∞
0
∞

1

A

[2]
0

@

1
∞
∞

1

A

[3]
0

@

∞
0
1

1

A

[4]
0

@

1
0
1

1

A

[5]
0

@

1
1
0

1

A

0

@

0
∞
∞

1

A

0

@

∞
0
0

1

A

0

@

0
0
1

1

A

0

@

1
0
0

1

A

0

@

0
1
0

1

A

0

@

0
0
0

1

A
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Extended system

Classification

non-linear = neutral

linear

preserving

linear

20 / 27



Linear usages in signal based communication

Extended system

Types

κ ::= 1 ||| List∞(κ) ||| Set∞(κ) ||| Sigu(κ)
u is neutral

λ ::= List1(σ) ||| Set1(σ) ||| Sigu(κ) ||| Sigv(λ)
u is uniform and linear

σ ::= κ ||| λ

v is uniform and linear preserving

ρ ::= σ ||| Sigu(κ) ||| Sigv (λ)
u is neutral and v is linear
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Extended system

Types

Addition

0 ⊕ x = x

1 ⊕ 1 = ↑
∞ ⊕ x = ∞

u ⊕ u′ is defined ⇔
[

u, u′ ∈ Class(n) ∧ u ⊕ u′ ∈ Class(n)
]

κ ⊕ κ = κ

Op∞(κ1, . . . , κn) ⊕ Op∞(κ1, . . . , κn) = Op∞(κ1, . . . , κn)
Sigu(σ) ⊕ Sigv (σ) = Sigu⊕v (σ)
ρ ⊕ ρ′ = ↑
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Extended system

Typing rules

... for expressions

(var)
Γ neutral

Γ, x : ρ ⊢ x : ρ
(k)

Γi ⊢ ri : σi i = 1, . . . , n Γ0 neutral
k : (σ1, . . . , σn) → σ k = f or k = c

Γ0 ⊕ Γ1 ⊕ · · · ⊕ Γn ⊢ k(r1, . . . , rn) : σ

(!Seti
)

Γ neutral i = π3(u[0])
u ∈ U!(2, 3)

Γ, s : Sigu(σ) ⊢!s : Seti (σ)
(!Listi

)
Γ neutral i = π3(u[0])

u ∈ U!(2, 4)
Γ, s : Sigu(σ) ⊢!s : Listi (σ)
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Extended system

Typing rules

... for programs

(0)
Γ neutral

Γ ⊢ 0
(out)

u ∈ Uout Γ1 ⊢ s : Sigu(σ)
Γ2 ⊢ e : σ

Γ1 ⊕ Γ2 ⊢ s<e>

(ν)
Γ, s : Sigu(σ) ⊢ P

Γ ⊢ νs P
(in)

u ∈ Uin Γ1 ⊢ s : Sigu(σ)
Γ2, x : σ ⊢ P

↑ (Γ1 ⊕ Γ2) ⊢ K

Γ1 ⊕ Γ2 ⊢ s(x).P,K

(par)
Γi ⊢ Pi i = 1, 2
Γ1 ⊕ Γ2 ⊢ P1 | P2

(rec)
A : (ρ1, . . . , ρn)

Γi ⊢ ri : ρi i = 1, . . . , n
Γ1 ⊕ · · · ⊕ Γn ⊢ A(r1, . . . , rn)

(ms)
Γ ⊢ Pi i = 1, 2

Γ ⊢ [s1 = s2]P1,P2
(mc )

c : (σ1, . . . , σn) → σ Γ′ ⊢ u : σ
Γ, x1 : σ1, . . . , xn : σn ⊢ P1 Γ ⊕ Γ′ ⊢ P2

Γ ⊕ Γ′ ⊢ [u � c(x1, . . . , xn)]P1, P2
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Extended system

Typing rules

Client-Server

Server(s) = pause.Handle(s, !s)
Handle(s, l) = [l � cons(req(s ′, x), l ′)]

(s′<f(x)> | Handle(s, l ′)),
Server(s)

Client(x , s, t) = νs ′(
s<req(s′, x)>

| pause.s′(x).t<x>, 0
)

s : Sig0

B

B

@

∞
0
1

1

C

C

A

ω(Req) l : Set1(Req) s ′ : Sig0

B

B

@

1
1
0

1

C

C

A

ω(Req)
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Extended system

Typing rules
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(s′<f(x)> | Handle(s, l ′)),
Server(s)

Client(x , s, t) = νs ′(
s<req(s′, x)>

| pause.s′(x).t<x>, 0
)A It’s not typable !

25 / 27



Linear usages in signal based communication

Extended system

Typing rules

Client-Server

Server(s) = pause.Handle(s, !s)
Handle(s, l) = [l � cons(req(s ′, x), l ′)]

(s′<f(x)> | Handle(s, l ′)),
Server(s)

Client(x , s, t) = νs ′(
s<req(s′, x)>

| pause.s′(x).t<x>, 0
)

Solution ? separate !s from the rest.
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4 - Future work
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Future work

1 Client-Server example,

2 subject reduction lemma.
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Future work

Thank you ...
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